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Abstract 



Let G/H be a compact 4-symnietric space of inner type such that the dimension of the 
center Z{H) of H is at most one. In this paper we shall classify involutions of G preserving 
H for the case where dim Z{H) = 0, or _ff is a centralizer of a toral subgroup of G. 



1. Introduction 

It is known that Riemannian /c-symmetric spaces is a generalizations of Riemannian sym- 
metric spaces. The definition is as follows: 

Let G be a Lie group and H a compact subgroup of G. A homogeneous space {G/H, (,)) 
with G-invariant Riemannian metric (, ) is called a Riemannian k-symmetric space if there exists 
an automorphism o" of on G such that 

1. C H C G" , where G" and G" is the set of fixed points of a and its identity component, 
respectively, 

2. fj'^ = Id and a' ^ Id for any I < k, 

3. The transformation of G/H induced by a is an isometry. 

We denote by {G/H, {,),a) a Riemannian A;-symmetric space with an automorphism a. Gray 
[5] classified Riemannian 3-symmetric spaces (see also Wolf and Gray [15j). Moreover compact 
Riemannian 4-symmetric spaces is classified by Jemenez The structure of Riemannian k- 
symmetric spaces is closely rerated to the study of finite order automorphisms of Lie groups. 
Such automorphisms of compact simple Lie groups were classified (cf. Kac ^ and Helgason [6j). 

It is known that involutions on /c-symmetric spaces are important. For example, the classifi- 
cations of affine symmetric spaces by Berger [T] are, in essence, the classification of involutions 
on compact symmetric spaces G/H preserving H. Similarly, such involutions play an important 
role in the classification of symmetric submanifolds on compact symmetric spaces (cf. Naitoh 
[n] and [H]). 

On a compact 3-symmetric space {G/H,{,),a), an involution r preserving H satisfies roa = 
a o T OT T o a = o r. The classification of affine 3-symmetric spaces ([15]) was made 
by classifying involutions r satisfying t o a = a o t. Moreover, and [13] classify half- 
dimensional, totally real and totally geodesic submanifold (with respect to the canonical almost 
complex structures) of compact Riemannian 3-symmetric spaces {G/H,{,),a) by classifying 
involutions r on G satisfying t o a = o r. 

In general, there exists an involution r such that t o a o ^ a or cr^^ for Reimannian 
4-symmetric spaces. These automorphisms do not appear in Riemannian symmetric spaces and 
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3-symmetric spaces. However, if the dimension of the center of H is at most one, each involution 
r preserving H satisfies t o a o = a ot . 

According to [7J, a compact simply connected Riemannian 4-symmetric space decomposes as 
a product Mi x • • • x Mr, where M,(l < i < r) is compact, irreducible Riemannian 4-symmetric 
space. In this paper we treat a compact, irreducible Riemannian 4-symmetric space {G/H, (, ), ex) 
such that the dimension of the center of H is at most one. In purticular we classify involutions 
of G preserving H for the case where dim Z{H) = 0, or dim Z{H) = 1 and H is a centralizer of 
a toral subgroup of G. More precisely, let g and be the Lie algebras of G and H, respectively. 
Then we first prove that there exists a maximal abelian subalgebra t of g contained in [) such 
that r(t) = t for any involution r preserving f). Except for the case where dim Z(H) = 1 and 
T o o" o = a^^, we classify involutions r of the root system of t) with respect to t. Moreover, 
for each involution r (r 7^ Id) of the root system of f), we prove that there exists an involution tq 
preserving [) such that ro|f, = r. Then each involution r can be written as r = rooAd(exp \/—lh) 
or T = Ad(exp \/—lh) for some \/—lh £ t since r|t is an involution of the root system of f), and 
we obtain all r by considering conjugations within automorphisms preserving f). For the case 
where dim Z{H) = 1 and t o a o = a~^, using graded Lie algebras, we classify all r by an 
argument similar to that in [13j . 

According to [14], for 3-symmetric spaces {G/H, (,),cr) with dim Z{H) = 0, each involution 
r with rofjor^^ = a^^ preserving H is obtained from a grade-reversing Cartan involution of 
some graded Lie algebra of the third kind. In the case where {G/H, {,),cr) is 4-symmetric with 
dim Z{H) = and t o a o = a~^, we can see that there exists r which is not obtained from 
a grade-reversing Cartan involution of any graded Lie algebra of the fourth kind. 

The organization of this paper is as follows: 

In Section 2, we recall the notions of root systems and graded Lie algebras needed for the 
remaining part of this paper. Moreover we recall some results on automorphisms of order k 
{k < 4). 

In Section 3, we remark on some relation between involutions of 4-symmetric space {G/H, (, ), c) 
reserving H and root systems of the Lie algebra of G. 

In Section 4, by using the results in Section 3, we describe the restrictions of involutions to 
the root systems for the case where the dimension of the center is zero. 

In Section 5-8, we enumerate all involutions r of compact 4-symmetric spaces such that 
t{H) = H and the dimension of the center of H is zero, or is a centralizer of a toral subgroup 
of G. 

In Section 9, we describe some conjugations between involutions. 

In Section 10, by making use of the results in Section 5-8 together with conjugations in 
Section 9, we give the classification theorem of the equivalence classes of involutions. 

2. Preliminaries 

2.1. Root systems 

Let Q and t be a compact semisimple Lie algebra and a maximal abelian subalgebra of q, 
respectively. We denote by qc and tc the complexifications of g and t, respectively. Let A{qc, tc) 
be the root system of qc with respect to tc and H{qc tc) = {ai, . . . , a„} the set of fundamental 
roots of Z\(gc;k:) with respect to a lexicographic order. For a G Z\(gc,tc), put 

(2.1) Qa := {XGQc; [H, X] = a{H)X for any H G tc}. 

Since the Killing form B of gc is nondegenerate, we can define H^ G tc (a S Z\(gc,tc)) by 
a{H) = B{Ha, H) for any i/ e tc. As in [6], we take the Weyl basis {E^ G Qa ', a G ^(gci tc)} 
of gc so that 
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[Ea,E-a\ = Ha, 

[Ea,Ej3] = Na^j3Ea+f3, N^^p € M, 
Na^P = — iV-a,-/3, 

Aa ■= Ea — E^a, := \/^(£'q, + -E-o) G 5. 

We denote by Z\+(gc,tc) the set of positive roots of Z\(gc,tc) with respect to the order. Then 
it follows that 

(2.2) S = t+ [RAa + RBa], i 

ae/l+(gc,tc) 

For a E Z\(gC)tc)i define a Lie subalgebra 5Uci(2) of g by 

(2.3) su«(2) := Ryf^Ha + RA^ + RB^ = 5u(2). 

We denote by the root reflection for a G A(Qc,ic). Then there exists an extension of ta 
to an element of the group lnt(0) of inner automorphisms of 3, which is denoted by the same 
symbol as ta- Since the root reflection of 5Uq,(2) for a coincides with the restriction of ta to 
R\^—lHa and ta is the identical transformation on the orthogonal complement of R\/—lHa in 
t, the following lemma holds. 

Lemma 2.1. There exists an element (f> £ Int(sUa(2))(c Int(g)) such that = ta\t- 
Define Kj G tc (j = 1, . . . ,n) by 

ai{Kj) = 6ij, i,j = l,...,n, 
and denote the highest root 6 by 

n 

5 := 'Y^TUjaj, nij S Z. 
j=i 

We set 

Then from ()2.ip we have 

(2.4) TH{Ea) = e"v^"(^)i?«, a G A{gc, k:)- 

Assume that q is simple. Then the following is known. 

Lemma 2.2 ([lOj). Any inner automorphism of order 2 on g is conjugate within Int(£|) to some 
with rui = 1 or 2. 

If h — h' = X]r=i^«-^«' ^ ^1^' ^ fe' ^'^^^ ^ congruent to h' modulo 

277(0c,tc) and it is denoted hy h = /i'(mod 277(gc5tc))- It follows from (j2.4p that r/^ = r/^/ if 
/i = /i'(mod 277(gc,tc)). 

Remark 2.1. According to Lemma 12.21 for any inner automorphism th of order 2 on g, 
there exists an inner automorphism of g such that I'iH) = Ki (m, = 1 or 2) (mod 27T(gc, tc)). 

We write h ^ k if Th is conjugate to Tk within the group of inner automorphism of g. 



n 

= Y,^V^Ha^. 

1=1 
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Lemma 2.3. If q is of type An, then Ki ~ Kn+i-i- 

(Dn) If Q is of type Dn, then Ki ~ Kn-i (1 < i < ['1-/2]). In particular if n is odd, then 

Kn-l ~ Kn- 

{Eq) If q is of type Eq, then Ki ~ Kq, K2 ^ K3 K^. 

Proof. {An) : We identify A{q£, f)c) with 

{cj - ; 1 < i / j < n + 1} 

(for example, see [6j), where {ei, . . . , e„+i} is an orthonormal basis of M"^^. Prom [2] there exists 
an element w of the Weyl group W{Q,i) of g with respect to t such that w{ej) = en-j+2 (1 < 
j <n + 1). Set ai = ei — ej+i. Then we have 

w{ai) = w{ei - ej+i) = en-j+2 - e„_i+i = -an-i+i- 

It is easy to see that w^^{Ki) = -Kn+i-i = Kn+i-i (mod 277(gc, f)c))- Hence T^-i(Ki) = 

(Dn): 



^(5c, f)c) = {±ei ±ej ; l<i^ j <n}. 

Set 

ai = Ci- ei+i(l < i < n - 1), a„ = e^-i + 6^. 
Since there exists w G W{Q,i) such that w{ej) = en-j+i (1 < J < n), we have 

w(aj) = w{ei - ej+i) = en-i+i - Cn-i = -Or, 



'■n—i • 



Hence we get w^'^{Ki) = —Kn-i = Kn-i (mod 277(gC) [)c))- In particular, if n is odd, then 
there exists a unique zZ) G 14/^(0,1) such that {oi, . . . {—o^i, ■ ■ ■ , —an}- If w{ai) = -Oi 

for 1 < i < n, then -u) = —Id, which is a contradiction (cf, [2j). Thus we get 

iv{ai) = -ai {1 < i < n - 2), iv{an-i) = -On, wi^n) = 

Hence we obtain w'^ (Kn-i) = —Kn = Kn (mod 2II{qc, f)c))- 

(Eq) : There exists a unique w E W{g, t) such that {ai, . . . , ae} ^ {— cti, • • • , — ae}- Similarly 
as in the proof of (Dn), we have 

w{ai) = -oq, w{a2) = —a2, w{as) = —05, w{a4) = —04. 

Hence we obtain w~^{Ki) = —Kq and wi^K^) = —K^. On the other hand, it is easy to see 
that tai+a2+2a3+2a4+a5 ° ia2+a4+a5 (-^^2) = -K5 + 2Kg = K5 (mod 2i7(gc, [)c))- Thus wc have 
K2 ~ K,. □ 

Let {G/H, (,),cr) be a compact Riemannian 4-symmetric space such that a is inner. Then 
the following holds. 

Lemma 2.4 ([7J). a is conjugate within Int(g) to some Ad(exp(7r/2)V— l/ia) where either 



ho 


= Ki, 


nii 


= 4, 


hi 


= Ki or Kj + Kk, 


rrii 


= 3, rrij = = 2, 


to 


= K, + Kj, 


m 


= 1, ruj = 2, 


hs 


= K^ + Kj + Kk, 


m 


= rrij = rrik = 1, 


hi 


= K^, 


m 


= 1, 


/15 


= Ki, Kj + Kk or 2Kp + Kg, 


m 


= 2, ruj = nik = rup 
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Remark 2.2. (1) If a is conjugate to T(i/2)/i4) then a pair (0,0'^) is symmetric. Indeed, for 
a = Y,r=i ^rOLr G A{qc^ tc), we have a{hi) = h and 

a{hi) = (mod 4) a{hi) = (mod 2) /cj = 

since = 1. Therefore it fohows that g'^t^/^)^! = g'^^t . Hence (0,0'^) is a symmetric pair, 
because tk^ is an involution. 

If a is conjugate to r(i/2)/i5) then a pair (0,0*^) is 3-symmetric. Indeed, for example, if 
/i5 = 2Kp + Kg , then we have 

a(/i5) = (mod 4) a(Kp + if,;) = (mod 3) kp = kg = 0, 

for Q = X;"=i ^rQr G Zi(0c,tc)- Therefore, we obtain 0^(i/2)'>5 = g^(2/3)(ifp+if,) ^ j^gj^^^g (0,0"") 
is a 3-symmetric pair because T(2/3){Kp+Kq) is of order 3. 

(2) Let 3 be the center of f). If o" = Ad(exp(7r/2)-v/— I/iq) (a = 0, 1, 2, 3), then the dimension 
of 3 is equal to a ([?]). 

2.2. Graded Lie algebras 

In this subsection we recall notions and some results on graded Lie algebras. 

Let 0* be a noncompact semisimple Lie algebra over R. Let r be a Cartan involution of 0* 

and 

(2.5) 0*=e + p*, r|t = Ide, t|p* = -Idp* 

the Cartan decomposition of 0* corresponding to r. Let a be a maximal abelian subspace of p* 
and A the set of restricted roots of 0* with respect to a. We denote by 77 = {Ai, . . . , A;} the set 
of fundamental roots of A with respect to a lexicographic ordering of a. We call a collection of 
subsets {IIq, III, • • • 1 77„} of n a partition of 77 if 77i 7^ 0, 77„ 7^ and 

77 = 77o U 77i U • • • U 77„ (disjoint union). 

Let 77 and 77 be fundamental root systems of noncompact semisimple Lie algebras 0* and 
0* respectively. Partitions {77o, 77i, . . . , 77^} of 77 and {77o, 77i, . . . , 77„} of 77 are said to be 
equivalent if there exists an isomorphism (p from Dynkin diagram of 77 to that of 77 such that 
m = n and (pilli) = IJi (z = 0, 1, . . . , n). 
Take a gradation 

.2g^ Q*=Q~u^ ^00"^ ^0^' 

[0;, 0g] C 0;+g, r(0;) = 0lp, -v<p, q<iy, 

of z^-th kind on 0* so that 0^ 7^ {0}. We denote by Z the charactiristic element of the gradation, 
i.e. Z is a unique element in p* n 0q such that 

g; = {X eQ* ; [Z,X]=pX}, -v<p<y. 

Let 

= 2^ 0i > = 2^ 0i 



-V l = — V 



be two graded Lie algebras. These gradations are said to be isomorphic \iv = v and there exists 
an isomorphism : 0* ^ 0* such that 0(0*) = 0*(— < i < i^)- Then the following holds. 
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Theorem 2.1 (Kaneyuki and Asano ^). Let g* be a noncompact semisimple Lie algebra over 
M and LI a fundamental root system of g* . Then there exists a bijection between the set of 
equivalent classes of partitions of LI and set of isomorphic classes of gradations on g* . 

The bijection in the theorem is constructed as fohows: Let {Uq, IIi, . . . , Lin} be a partition of 
77. Define hn : A ^ Z by 

I 

hn{X) := rui + 2 ruj + ■ ■ ■ + n m^, A = mjXi £ A. 

AiSTTi Aje772 AfceiTn i=l 

Then there is a unique Z in a such that A(Z) = hn{X) for all X £ A. For a partition 
{LIq, III, . . . , Lin} we obtain a gradation g* = Yli=-i/9i whose charactiristic element equals 
Z. This correspondence induces a bijection mentioned in the theorem. 
Define hi e a {i = 1,2, ■■■ ,1) by 

Xj{hi) = 6ij. 

Let t* be a Cartan subalgebra of g* such that o C t*. Take compatible orderings on t* and a. 
We clarify the relation between Ki and hj. 

Lemma 2.5. Let Aj be any root in LI . 

(1) If there exists a unique aj £ 7T(g^, t^) such that aj\a = Aj, then hi = Kj. 

(2) If there exist two fundamental roots aj, Ok G il(g^,t£) such that aj\a = dkla = ^i, then 
hi = Kj + Kk. 

Proof. (1): Considering the classification of the Satake diagrams, for Op G LI{q^, t^), p ^ j, 
it follows that ap\a = or ap\a = Xq for some q {qi^i)- Thus we have 

ap{hi) = ap\a{hi) = 0, aj{hi) = Xi{hi) = 1, 

which implies hi = Kj. 

(2): Similarly as above, for Op € II{Q£, t^), p ^ j, k, it follows that ap\a = or dp I n — Xq for 
some q (q ^ i). Therefore 

ap{hi) = ap\a{hi) = 0, a^ihi) = am\a{hi) = Xi{hi) = 1, m = j,k, 

which implies hi = Kj + Kf^.. □ 

3. Riemannian 4-symmetric spaces 

In this section we use the same notation as in Section 2. Let (G/H, (, ), o") be a Riemannian 
4-symmetric space with an inner automorphism a of order 4. Let g and I) be the Lie algebras 
of G and H, respectively. Note that f) coincides with the set g'^ of fixed points of a. Choose 
a subspace m of g so that g = f) + m is an Ad(-ff)- and a-invariant decomposition. Let t be a 
maximal abelian subalgeba of g contained in t), and 3 the center of i). 

Suppose that g is a compact simple Lie algebra. Let Autf,(g) be the set of automorphisms 
of g preserving [). 

Lemma 3.1. Assume a = Ad(exp(7r/2)\/— li^j), mi = 3 or 4, where 5 = Yl^=i''^j'^j 
highest root o/Z\(gc,tc) as in Section 2. Then for each fj, £ Aut(,(g), we have fi o a o fi^^ = a 
or . 
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Proof. Since /i(f)) = t), we obtain g"^ = i), where a := fj, o a o In particular, we have 
a\t = Idt- Therefore, it follows from Proposition 5.3 of Chapter IX of [6] that there is y/^Z G t 
such that 

(3.1) a = Ad(exp ^y/^Z). 

Since a = Ad(exp(7r/2)-v/— IKj) with mj = 3 or 4, we obtain Ea- S f)c (j 7^ i) and f)c- 
Moreover, since g'^ = g'^ = f), it follows from (|3.ip that 

(3.2) a{Ea^) = Ea,, d{EaJ = cE^,, 

for some c G C with |c| = 1. Then = 1 and 7^ 1, because o"^ = Id and cr^ 7^ Id. From (j3.2p . 
we can see that if c = \/— T, then a = a, and if c = — \/— 1, then a = a~^. □ 

Remark 3.1. Lemma [3.1l dose not hold in general. If a is conjugate to Ad(exp(7r/2)V— l(-ft^i+ 
Kj)){mi = rrij = 2), then Lemma [3 . 1 1 holds . However in other cases. Lemma l3. 1 1 dose not hold. 

Remark 3.2. If o" is an automorphism of order 2 or 3, then by an argument similar to the 
proof of Lemma l3. 11 it follows that fio a o ji^^ = a for any /i G Aut(,(0). 

Lemma 3.2. Suppose that a = Ad(exp(7r/2)-v/— l-f^j) with nii = 3. Let r he an involutive 
automorphism, of q such that r(f)) = f). Then 

(i) Toa = aoTif and only if the coefficient of Ui in t{5) is equal to 3. 

(ii) T o a = a^^ ° t if and only if the coefficient of in t{5) is equal to —3. 



Proof. It is easy to see that 3 = M\/— l^Cj 
T{\/—lKi) = ±^/—lKi, and therefore 

T o a o = Ad(exp —T{\/—lKi)) - 

and 

T{6){Ki) = 6{t{K,)) = 6{±K,) = 
This completes the proof of tha lemma. 



for some i with mj = 3. Since r(f)) = f), we have 

\ a-^ if T{^Ki) = -V^Ki, 

r 3 if T{^Ki) = ^Ki, 
\ -3 if TiV^Ki) = -V^Ki. 

□ 



Lemma 3.3. Suppose that a = Ad(exp(7r/2)V— liiTj) with nii = 3 or 4. 

(i) Let Ti,T2 be involutive automorphisms of Q such that rj(f)) = (), (i = 1,2). // there exists 
fj, G Aut(j(0) such that /i o n o /i^^ = T2. Then 

(3.3) 0"^=0"^ f) n ^ [) n 

(ii) Put t' := fi o T o fj,~^ ^ ;U G Autf|(0). If t o a = o t, then t' o a = a^^ o t' , respectively. 

Proof, (i) is trivial, 
(ii) We have 

T o a = a^^ o r <^=^ ^ o r o cr o /i^-^ = fio o r o fi^^ 

<^=^ r' o /i o (T o /i^i = 110 (T^i o /i^i o r' 
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Hence, it follows from Lemma 3.1 that if r o a = a^^ o r, then t' o a = or'. □ 

In the remaining part of this paper, we suppose that a = Ad{exp('jr /2)^y —IKi) for some 
Oil G n{Qc,i£) with mj = 3 or 4. If rrii = 3, the Dynkin diagram of f) is isomorphic to the 
extended Dynkin diagram of -/7(gctc) except Oj and oq, and if mj = 4, it is isomorphic to 
that of n(Qc,ic) except Oi (cf. Theorem 5.15 of Chapter X of ^). We denote by the 
fundamental root system of f) corresponding to the Dynkin diagram of i). 

Lemma 3.4. For any involutive automorphism r ofg satisfying T(f}) = f), there exists n G Int(f}) 
such that fi o T o /i^i(i7({))) = /7(f)). 

Proof. Put f := r|[j. Then f is an involution of f) = 3 © f)s, where ijs := [f), [)]. It is obvious 
that f(3) = 3 and f ([)s) = f^^. Decompose \r}s into f)^ = fli ® • • • © f)m where . . . , f)m are 
simple ideals. From the classification of compact 4-symmetric pairs (0,f)) ([7]), it follows that 
(i) \}i ^ \}j for any i,j G {1, . . . ,m} {i / j), or (ii) there exists only one pair {p,q) such that 

r/ie case (i): Since T{\)i) (1 < f < m) is a simple ideal of f)s and f)j ^ f)j (i 7^ j), it follows 
that f{\]i) = fli (1 < i < m). Therefore we have a direct sum decomposition f)j = © pj. Let Oj 
be a maximal abelian subspace of pj and be a maximal abelian subalgebra of \)i containing a,. 
We take a fundamental root system iJj = {Ai, . . . , Xm} for the set of nonzero roots with respect 
to ([)jj^,tic). From Theorem 5.15 of [6], there exists /ij G Aut(f)j) such that /Xj o r|[,. o /^r^ is an 
automorphism of ilj of order 1 or 2. Hence we have 

(3.4) r{^lT\i^)) = ^ri(t,), r(^ri(7T,)) = /.-^(iT,). 

Set I := fx^^{ti)®-- • ©/U~^(tm)©3 and 77 := ;U^^(77i) U - • • U/i„^(77m). Then by (fOI) . we have 
T(t) = t and t(77) = 77. Since there exist /x G Int([)) and tt; G VF([),t) such that /x(t) = t and 
w{fj,{n)) = 77(f)), we obtain 

{wf,)oTo{wfi)-\nm = n{i^), 

which completes the proof of the lemma for the case (i) . 

The case (ii): If T(f)j) = f)j for i = 1, . . . ,m, then by the same argument as in the case (i), we 
can prove the claim. Hence we assume that and T(f)p) = f)g and r(f)j) = \}i for i ^ p,q. Define 
isomorphisms ri : i}g — > {jp and T2 : i}p — > f)g by 

t{x,y) = {n{Y),T2{X)), xe^p,Ye ijq. 

Since t is an involution, it follows that ti o T2 = T2 o n = Id. Hence we have t(X, Y) = 
{n{Y),rr\X)). 

Put b := f)p and define an isomorphism : f)p © f)g — > b © b by 

u{X,Y) := (X,Ti(y)). 

Then it is easy to see that u o t o u~^{X, Y) = (Y, X). Therefore, considering a symmetric pair 
(b © b, Ab) (Ab := {{X, X) ; X G b}), we can see that there exist a fundamental root system of 
f)p © i)g preserved by rlfj^^f,^. Hence, by an argument similar to (i), there exists v G Int(f)) such 
that V OT o zv~^(77((])) = 77(f)). This completes the proof of the lemma for the case (ii). □ 

In the following sections, we shall classify the equivalence classes of involutive automorphisms 
T within Aut(,(0) of g such that r(f)) = f). From Remark 2.2 and Lemma [3. II we have the following 
four type: 

dim 3 = 0, T o a = o r, 
dim3 = 1, T o a = o r. 
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4. The case where dim 3 = 

In the remaining part of this paper we use the same notation as in Section 2 and Section 3. 
Let {G/H,{,),a) be a Riemannian 4-symmetric space such that a is inner and dim 3 = 0. From 
Lemma 12.41 together with Remark 2.2 we may suppose that 

a = Ad(exp — v — liCj) for some i with the property = 4. 

According to Section 3 and Jimenez 4-symmetric pairs (g, f)) satisfying the condition dim 3 = 
are given by 

(e7,5o(6)eso(6)esu(2)), (e8,su(8) su(2)), 
^ ■ ' (e8,so(10) ©50(6)), (f4,5o(6) ©so(3)). 

Let r be an involution of g preserving f). By Lemma 13.41 we may assume r(t) = t and 
r(77(f))) = If rlt = Idt, then there exists y/^H G t such that r = Ad(exp7r\/^i?) and 

T o a = a o T. 

Now, we assume r|t 7^ Idt- Suppose that q is of type z%. Prom Section 3, the Dynkin diagram 
of \] coincides with the extended Dynkin diagram of eg except © as follows: 

a2 

(ii) ^ 

Qfo as, a-j uq a5 ai 

We denote X]^=i kiUi by 

k2 

ks kj kg k^ k4 ^3 ki 
In the above case (i), since r|t / Idt and r(77([))) = il(f)), the possibility of r|t is as follows: 

T(ai) = ai, r(a2) = ao, r(a4) = as, ^"(05) = "7, ^"(06) = "6- 

Then we get 





"2 = T(ao) = -4r(Q3) - 3r(a2) 

and hence 





6 5 4 3 2 2 



r(a3)=(^Q 1 2 3 4 3 i)^^(0c,tc). 

By a similar argument as above, we obtain the following proposition. 

Proposition 4.1. Suppose that dimj = 0. Let r be an involution of q such that T(t}) = f) and 
r(i7([))) = /7(f)). T/ien a// ^/le possibilities of t\i such that t\i ^ Idt cli^g given by Table 1. 



Table 1: The possibilities of rjt such that rjt ^ Id {a = T(i/2)ff))- 



Type 



H 



9 



I 


C7 




til ' — ' 'I2 ' — ' '12. <■>:', ^ <■> 1 ' — ' " 1- 'It ' — ' 'M) 


II 


e? 


Ki 


ai ^—^ ai, ai 1— > 012, o.z ^ ao, ^5 ^ ct7, olq i— > ae 
a4 1— > ai + Q!2 + 2a3 + 3q;4 + 2a^ + 


III 


ey 


Ki 


ai ae, 0:2 0:2, ^ ar, 0:5 i-^- ao 
a4 i-> ai + a2 + 2a3 + 3a4 + 2a5 + ae 


IV 


es 


K3 


ai 1— > ai, Q!2 1— > cxq, a4 1— > ag, 05 1— > ay, ag 1— > ae 
Q!3 ai + 2a2 + 3a3 + 4a4 + 805 + 2a6 + a? 


V 


es 


Kg 


q;i I— > «!, Q!2 1-^ 0:5, 03 1-^ as, ai ^ ai, a^ ao as ag 
aQ ^ ai + a2 + 2q!3 + 3a4 + 3a5 + 3ae + 2a7 + as 


VI 


U 


K3 


ai i-^- ai, q;2 i-^ ao, a4 1-^ a4 
a3 i-> ai + 2a2 + 3a3 + 04 



For Type IV in Table 1, it is easy to see r(K3) = —47^2 + 3i^3 = -K^ (mod 4). Hence we 
have T o a = o r. Similarly, for Type I we get t o a = a o t and for the other types, we have 
T o a = o T. 

Finally, in order to compute the dimension of g^, we prove the following Lemma. 
Lemma 4.1. Let t+ be the {+l)-eigenspace of t\i. Then 

dimg^ = dimt+ + #/A+(gc,tc) + 2#{a G ^+(gc,tc) ; r{E^) = E^} 
-#{a G /\+(gc,tc) ; r(a) = a}. 

Proof. If r(a) = (/? 7^ =tct)) we can put T{Ea) = cEp for some c. Since r is involutive 
and T{Ha) = Hp, it is easy to see that Ea + cEp and £^_q; + c~^E_p are (+l)-eigenvectors of 
r. If r(a) = a, we get T{Ea) = E^ or T{Ea) = —Ea- Furthermore, if T{a) = —a, we can put 
T{Ea) = cE-a for some c. Then we have T{Ea ± cE-a) = ±(-Eq, it cE-a)- Therefore we obtain 

dimg"^ = dimt+ + #{a G Z\+(gc,tc) ; t(o;) / ±a} 

+2#{a G Z\+(gc,tc) ; t(^„) = Ea} + #{a G Z\+(0c,tc) ; r(a) = -a} 
= dimt+ + #zA+(gc,tc) + 2#{QGzA+(gc,tc) ; r(^«) = ^a} 
G /i+(gc,tc) ; r(Q) = a}. 

□ 

5. The case where dim 3 = and t o a = <t~^ o r 

We consider the cases of Type II, III, IV, V and VI in Table I. First we construct r by using 
graded Lie algebras. Let g* be a normal real form of a complex simple Lie algebra gc- Let t* 
be a Cartan subalgebra of g*. Then we have a Cartan decomposition g* = J + p* with 

(5.1) i := RAa, p* :=t* + ^ Ry/^Ba- 

We take a gradation g* = Ylp=-4 9p fourth kind on g* corresponding to a partition 

i7 = i7o U i7i, ill = {ai}, rui = 4. 
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Then the characteristic element of the gradation coincides with Ki. 

Let r* be the Cartan involution defined by (|2.5p . Put a := Ad(exp(7r/2)\/— l-?^?.)- Then a is 
an automorphism of order 4 on the compact dual g := t + \/—lp* of g*. Since T*{Ki) = —Ki, it 
is obvious that 

(5.2) T* o a o (t*)-^ = a-\ 

By Lemma [3. 41 and Proposition 14. 11 r* is conjugate within Int([)) to an involutive automorphism 
of Type II, III, IV, V or VI in Table 1, that is, there exists ^ G Int(f)) such that T^\t = 
o T* o Note that dim 3 = by Theorem 5.15 of Chapter X of [6], and it follows from 

dSTD that 

(5.3) t)nt= RAa. 

aGA+(ElJ,,t*) 
a(Ki) = 0{ mod 4) 

Now we prove the following Lemma. 

Lemma 5.1. Let fi be in Int(f)). Then fior* o fj,~^ is conjugate within Int([)) to ^ot* o fi~^ o a. 



Proof. Put v := T^-i/4)Ki- Then we have v o t* o ^ = t* o v ^ o v = t* o a. Since 
V E Int(f)), it follows that 

and hence o t* o is conjugate within Int({)) to fi o t* o fj,^^ o a. □ 

In the remaining part of this section, we shall determine all involutions for each type. Fur- 
thermore for each involution r, we shall determine f) H 5^ and . 

Let t[^,t^,t^,T4 be the involutive automorphisms which conjugate within Int(f)) to the 
Cartan involutions r* with respect to Type IV, V, III, VI, respectively. We denote by r any 
involution of each types. 

Type IV : Now, we investigate involutions of Type IV in Table 1. Since g* is a normal 
real form and of type Cs, the pair (5*, 6) is given by (c8(8),5o(16)). Note that dimt = 120. Set 
a = Ad(exp(7r/2)V— l-K's)- Prom (|5.ip and (j5.3p . considering the number of roots a £ A'^{q^, t^) 
such that a^K^) = or 4 (for example see Freudenthal and Vries [3j), we get dim([) n t) = 29. 
Then it follows from (j5.2p and Proposition 14.11 that is of Type IV in Table 1. 

Let t± be the (±l)-eigenspaces of rflu respectively. Since ai{Ti {Kj)) = {ai){Kj), we 
have 

t+ = span{2i^i - K2, 2Ki - K3, 2Ki + Kq, iKi - K5 - Kj, 4Ki + K^ + Ks}, 
t_ = span{2K2 - Ks, 2K2 -K^ + Ks, K2 - K5 + K7}. 

For Tfi_ {h- G t_), we have o t/j_ o t/^ = T^n(^f^_^ = T-h_. Thus we get 
(5.4) {Th_)-^ o rf o Th_ = rf o T2h_ • 

Then using /i_ := t(i^3 — K4 + Kg) G t_, we may assume [Ea^) = E^^. Indeed, if {Ea^) = 
b4,Eag (&4 G C, 1 64 1 = 1), then it follows from (j5.4p that 
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Taking t so that 64 = e^*'^^'^, we may assume Ti {Ea^) = Ea^. Similarly, using /i_ = t{2K2—K^) 
or h- = 2{K2 — + Kj) — {2K2 — K3), we may assume (Eai) = Eag and (Ear,) = E^^. 

On the other hand, for any involution r of Type IV, the number of the subsets {a, /?} such 
that a G Z\"'"(gC) tc); ^(0^) = /3) a 7^ ±/3 and 0(^3) = (mod 4) is 12. Since dimt+ = 5, by an 
argument similar to the proof of Lemma 14.11 we obtain 

dim([} n 0^) > 5 + (12 x 2) = 29. 
Because dim(f) n q^") = dim(f) n 6) = 29, we obtain 

^5 5") T(^{Eai) = -Eai, T^{Ea2) = Eag, {E^.^) = CiEp^, 

where Pi = ai + 2a2 + 803 + 4a4 + 805 + 2aQ + aj (see Table 1) and ci € C with |ci| = 1 (cf. 
Corollary 5.2 of Chapter IX of [6]). 

Remark 5.1. Except for conjugations within Aut[j(g), we can determine the constant ci 
uniquely. Indeed, from the proof of Theorem 5.1 of Chapter IX of [6], there exists fi S Aut(g) 
such that 

l^{Eai) = Eai, ^(E'aj) = -^ao ' f^i^aa) = Ep-^, ^liEa^) = Eag, 
(5.6) l^iEa^) = Eaj, n{Eaf-) = E'ag , fJ-{Ea^) = Ea^, n{Eag) = -£'04, 

where eo = ±1 and e^^ = ±1. Note that eo and e^^^ are uniquely determined since E±a^ 
(1 < i < 8) generate qc. Since {{t[^)~^ o /i)|t = Idt, it follows from Proposition 5.3 of Chapter 
IX of [6] that there exists \/—lH G t such that {t(^)~^ o = th, and therefore /U = o th. 
Put H = Yl^=i o-i^ij o,i £ Then from (12. 4p . we have 



Ea, = KEa,) = rf o THiEo^,) = e^^^^^^Vf (i?„ J = -e^V^^i^E^ 



ai ■ 



Thus we get ai = ai{H) = 1 (mod 2). Similarly as above, we obtain 02 = 0, 04 = 0, as = 
0, og = 1, ay = 0, as = (mod 2). Moreover, since 

E(,^ = m(^„3) = e-^-^(^Vf (£;„3) = cie^^^^Ep,, 

we have 

(5.7) ci=e-^^''^ 
Then by (|5.5p and (|5.6p we have 

and it follows from (j5.7p that c| = eq. 

If eo = 1, then ci = ±1 or Considering (j5.4p for /i_ = 2K2 — K3 G t_, we may assume 

that ci = 1 or -*/— T. Moreover, by Lemma l5.ll we may assume that ci = 1. If eo = —1, then 
by the same argument as above, we may assume ci = e^'^/^^^'^. Consequently, ci is uniquely 
determined except for conjugations within Autf|(g). 

By an argument similar to (15. 5p . we may assume 

^5 TiEai) = ±Eo,j^, T{Ea2) = Eag, T{Ea^) = CiE^^, 
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where ci G C and |c| = 1. Then, by Proposiion 5.3 of Chapter IX of [6j, there exists \/—lh £ i 
such that r = r/^ o t^. Put 

h := h+ + h-, 

h+ := hi2Ki - K2) + k2{2Ki - K3) + ^{2X1 + Kq) 

+k4{4Ki -K5- Kr) + h{4Ki + K4 + Ks)e 
h_ := h{2K2 - K3) + k7{2K2 -Ki + Kg) + k^{K2 - K5 + K7) e ^/^t_ , 

where ki, . . . ,k^ G M. Then since = Id and (h) = /14. — we have T2h+ = Id and hence 
2/i_|_ = (mod 277 (gc) k:))- Therefore we get ki, . . . , k^j £ Z,. Then we have 

h = kiK2 + k2K3 + /C5K4 + kiK^ + ksK^ + k^K-j + /cgKg 

+A:6(2K2 - K^) + kr{2K2 -K4 + Kq) + k^{K2 - K5 + K-,) (mod 277(0c, tc))- 

Considering ()5.5p and (j5.8p together with (|2.4p . we obtain 

a2(/i) = a4(/i) = asih) = arj{h) = aT{h) = (mod 2), 

and therefore 

h = {k2- ke)K3 + ksKe (mod 277(0c, tc))- 

Furthermore, since r{Eao) = T^{EaQ) = Ea^, it fohows that ao(/i) = (mod 2), and therefore 
2/^6 G Hence we may assume that r is one of the following: 

Ti , Ti o , Ti o o a, o TK^+Ke , ^1 ° TRa+Ke ° 3 = 3, 6. 

Indeed, o r^keKs is conjugate within Int(t) to one of and o a since 

r/^ o r_(i/2)ii-3 = o (7^^ = a o (t^ o a) o a^^. 

Moreover, since r^g = o"^ and r/^ o a = a^^ o r/^, it follows that r/^ o and r/^ o ri^-g+i^-g are 

conjugate within Int(t) to r/^ and o tj^^, respectively. Consequently, r is conjugate within 
Aut(,(g) to one of following: 

, o Ti^g , o rj^^ o a. 

Now we shall compute the dimension of f) H and g^, where 6 is one of r/^, r/^ o rj^^ and 
oTKf^oa. Since r/^ o t/^^ [E^^ ) = E'^g and dim([) n g^i" ) = 29, we have dim([} n g^"°^^'6 ) = 36. 

Therefore we get I) n g^f' = D4,®Di and 1} n g^f'°^^6 ^ C4 -Di. Put := r|t. It is easy to see 

that positive roots a such that ^{q) = a are 

ai, a5+a6+"7; a4+a5+a6+a7+Q;8, ai+a2+2a3+2a4 + 
05, ai+a2+2a3+2a4+a5+a6, ai+a2+2a3+2a4+2a5+a6 + 
ay, ai + 02 + 2a3 + 2a4 + 2a5 + 2a6 + 0:7, ai + 02 + 203 + 3a4 + 
2a5+a6+"7+"8, ai+a2+2a3+3Q4+2a5 + 2a6+a7+a8, ai + 
a2+2a3+3a4+3a5+2Q6 + 2a7+a8, ai + 02 + 203 +3a4+3a5 + 
2>aQ + 207 + as, 2ai + 2a2 + 4a3 + 804 + 40:5 + 3q;6 + 2a7 + ag 

We consider the case of o TA'g. Put 7 := ai + 02 + 2a3 + 2a4 + 05. Take a Weyl basis so 
that {E^) = E^ {ci. see Gilkey and Seitz [4J). Then it is easy to see that (Ea) = E^ for 
any Q G Z\+ \ {ai, og, a^ + a^ + aT, a^ + a^ + aj, 2ai + 2q2 + 4a3 + 604 + 4q5 + 3a6 + 2a7 + a8} 
and therefore o Tx^iEa) = E^ for any a G Z\+ \ {ai}. It follows from Lemma 4.1 that 
dimg'^i^°'^^^'6 = 136. By using the classification of symmetric spaces, we get g'^i^°'^^6 = E'j ® Ai. 



K ■■={ 
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Similarly as above we can obtain i) O and for 9 = o tk^ ° c. 

By an argument similar to above, we can obtain all involutions r of Type V and VI, and 
determine f) H and g"^, which are listed in Table 2. 

Now we investigate involutions of Type II and III in Table 1. Since g* is a normal real form 
and of type er, the pair (g*,t) is given by (e7(7),5u(8)). It is easy to see that dim([) n £) = 13. 
On the other hand, for an involution r of g, we can see that 



dim 1 1 



4 if r is of Type II, 

5 if r is of Type III, 



and if r is of Type II (resp. Type III), the number of the subsets {a,/5} such that a G 
^"''(SCjtc)) ''"(ck) = /3, a / ±/3 and a{Ki) = (mod 4) is 6 (resp. 4). Hence we obtain 

dim([) n g^) > 16 if r is of Type II 
dim([) n g^) > 13 if r is of Type III. 

Therefore the Cartan involution r* of g* = t^j-^ is conjugate within Int([)) to an involution 
of Type III. By an argument similar to Type IV, we can obtain all involutions r of Type III, 
which are listed in Table 2. 

Finally we consider the Type II. Put /?3 := ai + 02 + 203 + 3a4 + 2a^ + ag- Let be as 
above. Then, since dim([) n g'^3 ) = dim(f) r\t) = 13, it follows that 

for some C3 S C with |c3| = 1. On the other hand, from Theorem 5.1 of Chapter IX of [6], There 
exists an automorphism (p on q such that 

y^{Ea-i) = Ea^, ip{Ea2) = -^^2 > ^{Eaz) = Ea^, Lp{Ea^) = Ea^, 
^{Ear,) = Ea3, ip{Ea^) = Ea^, ip{Ea^) = E^q, ip{Eao) = eEa^ , 

where e = ±1. If e = —1, then we have 

^^{E^^) = E^^ (l<i<6), 
ip^{E^,) = -E^^. 

Thus the inner automorphism tp'^ has the form tkt Hence we have 
(5.10) g'^'=t+ Yl i^Ao,+MB^). 

Put 7 := 02 + as + 2a4 + 2a5 + 2aQ + 07. Then we get if{'y) = —7 and from the proof of Theorem 
5.1 of Chapter IX of [6], we get 

f{E-y) = e^E^^, ip{E^^) = e-^/E^ {e-y = = ±1). 

Therefore we obtain 

f{A^) = e-y{E--y — E-y) = — 6^ Ay , 
^{By) = \/—ley{Ey + E ^ y) = Ey B y . 

This implies that 

A^ or By^Q'^ C g'^'. 
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This contradicts (jS.lOp . Thus if{EaQ) = E^^^ that is, 

Then o ip maps 
and it is easy to see 

o ip{Ea^) =(po T^{Eo,,) = -E'ae, o ViEai) T^iEai) = -Ea2, 

(5.12) Tg^ O (^(£;„3) = O r3^(S„3) = S„„ Tg^ O = O T3^(i?„3) = i?,^ , 

Tg^ o ip{EaJ = CsEf^^, ip o T^{Ea^) = 0399(^^3). 

Therefore {t^ o = Id if and only if (p{Ep.^) = Ep^. Since dimg^jg = 1, we have Qp.^ = CXp^, 
where 

^133 '■= [[[[[[[[[Ea2 , Ea^], Ea^], EarJ, Ea4,], Ea-^], Eafi], Ea^], Eas], Ea4,]- 

Because [£"0,3, E'^g] = [Eaj^jEa^] = 0, we get ip{Xfj.^) = Xp,^ and therefore = Id. Thus 

o is an involutive automorphism of 67. From ()5.12p . we obtain 

Tg^ o ip{Ea5 ) = Eao, ° f{Ea4 ) = CsE^.^ . 

Hence we can construct an involution of Type II. By an argument similar to Type IV, we can 
give all involutions of Type II. 

Consequently we obtain the following proposition. 

Proposition 5.1. Suppose that dim^ = 0. Let r be an involution of q such that roa = or. 
Then r is conjugate within Auth(0) to one of automorphisms listed in Table 2. 



Table 2: dimj = 0, roa — a ^ or, a — T(^i/2)Hi i — 9^ 



(e8,su(8)esu(2),X3) 



D8 



(e8,so(10)®so(6),if6) 



TKi+Ki o T(i/2)if6 

TKi+Ks ° '^(1/2)^6 
TKi+Ka 

TKi+Ks ° T(i/2)Ks 
TK3 

TKi ° ^l/2)Ke 
TK1+K3+K4 
TK1+K3+K4 °^l/2)Ke 
TKi+Ks+Ks 
TK1+K3+KS ° Hl/2)Ke 
TK^+K^+Ks 
TKs+Kj+Ks ° T(i/2)Ke 
15 



D8 

Ds 

E7®Ai 
Ds 

E7®Ai 
Ds 
Ds 
Ds 

E7®Ai 
E7 ® Ai 
Ds 

Er ® Ai 



E7 ( 
Ds 



Ai 



B2i 
B2i 
B2i 
B3i 

Bsi 

B3i 

B^i 
B2' 
B2 i 

D2< 

D2' 

Bsi 
Bsi 
Bsi 
Bsi 



•B2' 

'B2' 

>B2< 
>B2< 

'B2' 
'B2' 
'B2' 
'B2' 

>B2^ 

)Bi 

'B2' 

'B2' 

>B2< 
iB2< 



Si- 
Si- 

Bi' 

Bi 

Bi 

Bi 

Bi 

Si. 

Si( 
)Bi 
'Bi 

Bi 

Bi 

Bi 

Bi 



Bi 
Bi 
Bi 



(e7, so(6) © so(6) © su(2), K4) 


^3 
[J 

t" TK^+K2 ° T(l/2)if4 
77 

^3 ° ^^^1+7^6 

t" ° T7fi+7f6 ° ^(l/2)7f4 

T"" ° T7f2+if6 

'^3 ° TK2+Ke ° ^(1/2)7^4 


A7 

Dq © Ai 

A7 

DeOAi 

Uq © Ai 


© © Bi © Bi © Bi © R 

i32 © ^1 © -Dl © Ai 

B2® Bi® Bi® Ai 

-D2 © £'2 © 
^2 © B2 © M 

^2 © -Bi © -Bi © 

D n\ T> n\ T3 rT\ A 
i>2 © -t>l © -Dl © ^1 


t" <^ 

T-f (^0 r(i/2)7f4 


Dq(BAi 

A7 


i:'3©-Di 

D3®Di 


(f4,S0(6)©S0(3),X3) 


r7fi+7f^ 
t" r7f 1+7^4 r(i/2)7f3 


C3®Ai 
B4 

C3 © 


Bi®Bi® Di 

B2®Bi 

B2®Bi 



Tl : Ea^ l-^ —Ea^, Ea2 ^ E^o, Ea^ 1-^ CiEp-^, Ea^ E'^g , Ear, ^-> ^07, ^E^^, 



{f3i = ai + 2(32 + 3a3 + 4q;4 + 805 + 2a6 + 07) 

'''2 ■ ^ai —Eai, Ea2 E^^, Ea^ —Eas, Ea^ ^Ea^, E^e I— > C2Ep^, Eaj ^ E^o, 

Eag i-^ —Eag, {P2 = ai + a2 + 2a3 + 'Sa^ + ia^ + Sag + 2a7 + as) 

■ Eai ^ ~Eai, Ea2 >— > — -Eq2 J ^a-j ^ Eao, Ea^ 1-^ C^Ep.^, Ear, I— > Ea-, : Eag —Ea^, 

(/33 — ai + a2 + 2q!3 + 804 + 2q;5 + ag) 

rf^ : Eai l-> -£ai, £^Q2 '-^ £^ao, £^03 C4£/34 , £^4 i-> -£q4> (/^4 = «! + 2q;2 + 3a3 + a4) 

where Ci{i = 1, 2, 8, 4) is some complex number with \ci\ = 1. 



6. The case where dim 3 = l,r o a = a or 

In this section we investigate involutions r of g such that dim 3 = 1 and roa = or. First, 
we construct such involutions by using graded Lie algebras. Let q* be a noncompact simple Lie 
algebra over M such that qc is simple. Let g* = 6 + p* and r be the Cartan involution as in 
()2.5p . and a be a maximal abelian subspace of p*. Let t* be a Cartan subalgebra of q* such that 
act*. We take compatible orderings on a and t*. 

Take a gradation g* = Ylp=-3 Qp third kind on g* corresponding to a partition 

77 = 77oU77i, 77i = {A,}, rn = 3. 

Put fj := Ad(exp(7r/2)V^/ij). It is obvious that a £ Int(g) (g = 6 + ^-Tp*), o"^ = W and 
T o a = o T. Considering the classification of the Satake diagram, there exists a unique 
aj E Z\(g^,t^) such that aj\a = \i with nij = 3, and it follows from Lemma 12.51 that hi = Kj. 
Therefore, by Remark 2.2 we have dim 3 = 1. 

Generally, let (G/H,{,),a) be a compact Riemannian 4-symmetric space such that G is 
simple and a is inner. As before, let t be a maximal abelian subalgebra of g contained in f). We 
suppose that a = T(^i/2)k^ ^or some Oi G 77(gc,tc) with ttIj = 3. Then 3 = E.\/—lKi. From 
a pair (g, f)) is one of the following: 

(e6,su(3) esu(3) esu(2) ©M), (e7,su(2) ©su(6) ©M), (e7,su(5) © 5u(3) © M), 
(e8,5u(8)©M), (e8,su(2)©e6©M), (f4,su(2) © 5u(3) © M), (g2,su(2) © M). 

Remark 6.1. Each 4-symmetric pair described in the above is neither symmetric nor 3- 
symmetric. Indeed, except for (g2,su(2) © M), it follows from the classifications of compact k- 
symmetric spaces {k = 2, 3) that each 4-symmetric pair described in the above is not fc-symmetric 
{k = 2,3). Now, for (g2,su(2) © M), we prove that it is not isomorphic to a /c-symmetric pair 
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(k = 2,3). First, we note that a = T(i/2)a'i with nii = 3. From the classification of compact 
symmetric spaces, it is obvious that the pair (02,su(2) © M) is not symmetric. Let (02,^) be a 
3-symmetric pair. Then 9 is conjugate to T(2/z)K2 

g2^(2/3)K2 = (2) © M^/^is:2 = su(2) © M. 

If there exists /i € Aut(s) such that /i(02'^) = /i(02^('/^^^i ) = 02^'^/^^^2 , then we have /x(sUa2(2)) = 
5Uq;^(2). Therefore it fohows that there exists G C with |c| = 1 such that 

which imphes that {^{Ha^) = However, this is a contradiction because |q!i| / \a2\- 

Consequently, the 4-symmetric pair (02, c) is not /c-symmetric {k = 2,3). 

Now we assume that u = T(^i/2)Ki for some G -^(SCjtc) with rrii = 3. Let r be an 
involution of such that t o a = a"^ o r. Then it is easy to see that r(f)) = f) and t(3) = 3. 
Thus we have T{y/—lKi) = ±y/—lKi. If r(-v/— li^j) = ^/—IKi, then r o cr = cr o r. Hence we 
get T{'\/—lKi) = —y/—lKi. Let = 6 + p be the canonical decomposition of corresponding to 
T. Then we have -y/^i^j G p. Put 

zA+ := {a G Z\+(0c,tc) ; ^a,5a G tn}, A+ := {a G A+{qcM) \ A^,B„ G f)}. 
Lemma 6.1. 

n 

^J" = = SI '^J"^' ^ ^^(5c, tc) ; = 0}. 

Proof. Since rrii = 3 and Ea = (T{Ea) = e'^'"^^^'^^°'^^^^ E^ for any a G A^, we have 
= E"=i (^i) = fe. = 0. □ 
We define a subset Z\+ (s = 1, 2, 3) of Z\+ as follows: 

m 

:= {a = ^ G ; fc, = s}. 

Then we have an orthogonal decomposition m = mi © m2 © ma, where 

m, = ^ (RAa + RSa). 

Lemma 6.2. 

r(ms)=ms s = 1,2,3. 

Proof. Since 

r V^Ea aGZ\+, 

it follows that 

(7(X) = -X ^ X em2. 

Hence if X G m2, then 

(7(t(X)) = r o (7-^(X) = -t(X). 

Thus we obtain r(m2) = m2. 
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Next for a G A\ (resp. ^^), we get r(a) G —'^X (resp. — Z\^). Indeed, since 
and T{Ea) G flrfa); "we get T(a)(JCj) = —a{Ki) = —1 (resp. —3). This completes the proof of 



the lemma. 
Put 



□ 



(,± := {X G [) ; t{X) = ±X}, m± := {X G ; t{X) = ±X}. 



Since t({)) = f) and T(m) = m, we can write 

3 

= (f)+ + r)©5^(m+ + m;), 

s=l 

t = [)+ © m]*" e © m^, p = f)" © m^" © © mj^. 

Put g* := t + V~lp- Then we have Z := i^j G V~lp- We shall prove the following lemma. 

Lemma 6.3. The eigenvalues o/ad(Z) : 0* ^ 5* are 0, ibl,ib2 and ±3. 

Proof. First we note that f)+ + -v/^f)~ is the 0-eigenspace of ad(Z). 
It is easy to see that 



(6.1) 



A+ ^ a{Aa) = B^, (j{Ba) = -A^, 
a£ A+ ^ a{Aa) = -A^, (j{Ba) = -B^, 
a G ^ (t{Ao,) = -Ba, a{Ba) = A^, 



I mi — Idmi ; I ma — Idma • 



and 

(6.2) a' 
If X G m , then by (|6.2p , we have 

T{a{X))=a-\T{X))=a\X) = -a{X). 
Thus we have oixn'l^) C . Similarly, we get a(xn^^ C v(i[. Therefore it follows that 

(6.3) ^^\) = "^("^r) — ^i- 
Similarly, we obtain 

(6.4) (t{v4) = mg , cj(m3 ) = m^. 
By a straightforward computation we have 

(6.5) [y^H,Aa\ = a{H)Bc,, [\^H,Bo,] = -a{H)Aa. 

Put Xi = Y.^^^+{aaAa + haBa) G TTii. Then by ([6T]), we have a{Xi) = Y.^^^+{aaBa-haAc 
Using (j6.5p . it is easy to see that 



Similarly, we get 



[^/^Z,Xi]=a{Xi] 



-IZ, Xs] = -3a(X3), [^Z, [^Z, X2\] = -4^2, 
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for Xj G rrij {j = 2,3). Therefore it follows from (j6.2p that 
(6.6) 



[Z,Xi ± V^aiXi)] = T{Xi ± ^a{Xi)), 
[Z,X3 ± ^aiXs)] = ±3{Xs ± V^a{Xs)). 



Note that Xs ± y/-la{Xs) G g* for G m+ (s = 1,3) from ([63]) and ([631) • Moreover, 
Y2 := [^/^Z, X2] / and Y2 G m2 for X2 £ m2 , and 

(6.7) [Z, X2 ± \^Y2\ = T2(X2 ± \^Y2). 

Consequentry, from (j6.6p and (j6.8p the lemma is proved. □ 
Now, we are in a position to prove the following proposition which classifies involutions 
preserving \) for this case. 

Proposition 6.1. (1) Let g* = ^p=_3 0p &e a graded simple Lie algebra of the third kind 
with a grade-reversing Cartan involution t, which is corresponding to a partition {77o,iIi} of 
n = {Ai, . . . , \i} such that LIi = {Xi} with ui = 3. Put a = Ad(exp(7r/2)-v/— 1/ij). Then a is an 
automorphism of order 4 on the compact dual g of g* such that dim 3 = 1 and t o a = a^^ o r. 

(2) Let a = Ad(exp(7r/2)-v/— lA'j) for some G LI{g£,tc) with nii = 3. Then for each 
involution t of g satisfying t o a = a^^ o t, there exists 6 G Aut(g) such that 6 o a o 0^^ and 
9 o T o 0^^ are obtained from a graded Lie algebra by the method described in (1). 

Proof. We have proved (1) in the above. 

Now we prove (2). For each a = Ad(exp(7r/2)-v/— liCj) and r with t o a = o r, it follows 
from Lemma 16.31 that there exists a graded Lie algebra g* = Ylp=-3 5p with the characteristic 
element Z := Ki such that r is the Cartan involution. As above, let g* = 6 + p* be the Cartan 
decomposition of g* corresponding to r and let be a maximal abelian subspace of p* such that 
Z G a. Moreover, let t* be a Cartan subalgebra of g* containing a equipped with a compatible 
ordering. By Lemma [6.31 we have X{Z) = 0,±l,zb2 or ±3 for any A G Z\ := Z\(g*,a). If A 
is a reduced root system, then from Lemma 12.41 together with Lemma 2.4 of there exists 
w G VF(g*, a) such that 

\w{Z) = \h + T. 

Here T is an element in a satisfying A(r) G Z for any A G /\, and h is one of the following: 

with Up = 1, 2, 3 or 4, (n^j , Uq^) = (1, 1), (1, 2) or (2, 2), n^^ = = 1 and n^^ = Ug^ = rig^ = 1. 
If Z\ is a nonreduced root system, then Z\' := {A G Z\ ; 2A A} is a reduced root system of 
type Bi with the fundamental root system LI. Applying Lemma 12.41 together with Lemma 2.4 
of [15] to A' , we can see that there exists w G W{g*, 0) such that {\/4)w{Z) = (l/4)/i + T with 
A(r) G Z for any \ £ A' and h is one of 

ha, hb + he, Ua = rib = He = 2. 
Hence we may assume that there exists G Int(6) such that 

.-1 . ^ 



0oao0-^ = Ad(exp -V^/i). 

Note that o t o 0^^ = t because G Int(e). 

Next, we shall prove that h = hp for some Xp £ LI with Up = 3. In the case where h = hp 
with Up = 1, there exists a unique a^^ G il (gc,tc) such that = 1 and ai^la = Xp. Therefore 
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by Lemma [2 . 51 together with Remark 2.2 we have hp = Ki^ and (g, f)) is a symmetric pair, which 
also contradicts Remark 6.1. Similarly, \i h = hp, hq^ + hq^, 2hr^ + hr^ or ha with Up = na = 2 
and Uq-^ = Uq^ = rir^ = 71^2 = 1, then a pair (g, is 3-symmetric, which contradicts Remark 6.1. 

In the case where h = hg^ + hg^ + hg^ with n^^ = = f^-ss = l, there exist unique Oj^, Qjj, 
ajg G 77(0c5tc) such that ai^\a = Xs^. {k = 1,2,3). Then we have h = Ki-^ + Ki^ + Ki,^ and 
hence dim 3 = 3, which is a contradiction. 

In the case where h = hq^ + hq^ , then we obtain 

h = Ki^ + Ki^ or Ki^ + Kj^ + Kj^ . 

Here ajjn = A^^^, = 1, rm^ = 2, or ajja = Ag^, a^Ja = Ag^^, rui^^ = 1 (A; = 1,2). Therefore 
by Remark 2.2 we have dim 3 7^ 1. 

In the case where h = hp with Up = 4, then we have 

(i) h = Kip with rriip = 4, or 

(ii) h = Ki^+ Ki^ with Ojja = Ap, mj^^ = 2 (A; = 1, 2). 

For the case (i), it follow from Remark 2.2 that dim 3 = 0. For the case (ii), it is easy to see 
that the center 3(5^(^/2)'') of g'^(V2)h coincides with 

(6.8) 3(0"(^/''M = ^V^iK^, -K,,). 

Note that if u = Ad(exp(7r/2)V— l-f^i) with rrii = 3, then the center 3 of coincides with 
M.^/—lKi as mentioned before. It is easy to see that () is the centralizer of 3 in g. However, g'^(i/2)'» 
is not the centralizer of 3(g'^(i/2)^). Indeed, let a = ^ ^^^^ satisfying /cj^ = ki^ = 1. 

Since a{h) = 2 and a{Ki-^ — Ki^) = 0, we obtain 

[y/^{Ki^ - Ki,,),Aa\ = 0, ^l/2)h{Aa) = -K. 

which implies that belongs to the centralizer of 3(0^(^/^''') and g'^(i/2)'>. Hence a is not 
conjugate to T(i/2)/,. 

Finally, consider the case where h = hj + h^ with rij = = 2. In this case, we have 
h = Ki. + Ki^ with rui^ = rm^ = 2, or /i = Kj-^ + Kj^ + i^j^ with rrij^ = "ij2 = 1) = 2- By 
the same argument as (i) above, the first case is impossible. Moreover, if /i = Kj^ + Kj^ + Kij^ , 
then the center of g'^(i/2)'i coincides with 

R^{2K,, -K,,)+ R^/^{K,, - K,J, 

since g'^(i/2)'i is generated by t and {Aa, Ba ; a{h) = (mod 4)}. However, this is a contradic- 
tion. 

Consequently we obtain h = hp with Up = 3 which completes the proof of (2) of the propo- 
sition. □ 

7. The case where dim 3 = and r o a = a o r 

In this section we consider the case where dim 3 = and t o a = a or. In this case, it follows 
from Proposition 14. II that t\i = Idt or r is of Type I in Table 1. 

First we consider the Type I in Table 1. From Section 5 there exists an automorphim ip 
satisfying (j5.1ip . We note that ip is an involution of Type I in Table 1. Let t± be the (±1)- 
eigenspaces of ip. Then we have 

t+ = span{Ki + Ke- 2Kj, K2 - Kj, K3 + - 3Kt, K4 - 2Kj}, 
t_ = span{-i^i + Kq, -K3 + K5, Kj]. 
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For any involution r of Type I, it follows from Proposiion 5.3 of Chapter IX of [6j that there 
exists \/—lh E t such that t = ip o Th- We put h = h+ + h-, /i± G ^/—lt±. Then since = Id, 
we can write 

(7.1) h+ = ki{Ki + Ke- 2Kj) + k2iK2 + K7) + ^^3(^3 + K5- SKj) + k^iK^ - 2Kr), h G Z. 

As in the case of Type IV in Section 5, we may assume T{Ea^) = Eag, T^Ea^) = E^^ and 
t{Eci^) = E'aj). Indeed, for example, if T{Ea-i) = biEa^ for some 61 G C with = 1, then using 
h- = k{-Ki + Kq) with e'^'"^^^ = bi,we have {Th_y^ or o Th_{Ea-^) = Ea^. 

Using (17. ip . by an argument similar to the case of Type IV in Section 5 we can prove that 
r is conjugate within Int(f)) to one of the following involutions: 

Note that sUa2(2) C f) n g*^, and hence S lnt{i) n g"^). Therefore we have (p o = i«2 ° f"- 
Moreover, since ta^^K^) = —K2 + i^4, it follows that (p o is conjugate within Int({)) to 

ipoTK2° TK4 ■ 

Put u := r|t. It is easy to see that the set Z\+ of positive roots a satisfying iy{a) = a 
coincides with 



"2, "4, 02 + 04, as + "4 + as, a2 + a3 + a4 + a5, 02 + 03 + 
204 + as, ai + 03 + 04 + as + ae, ai + 02 + as + 04 + as + 
ae, ai + a2 + as + 2q4 + as + ae, ai + 02 + 2as + 204 + 2qs + 
^ ae, ai + a2 + 2as + 804 + 2as + ae, 6 



Using (jS.lip . we can check that (p{Ea) = Ea for any a G . For example 

V'([-E'a5, [Ea^^Ea^]]) = [Ea-^, [Ear^^Ea^]] = [E^^^ , [£'^3 , i^^^ ] ] , 

and thus (/? (£'03+04+0,5) = £'o3+a4+a5- Hence it follows from Lemma HT] that dimg"^ = 79. By 
using the classification of symmetric spaces, we get g"^ = £5 © M. 

The number of subsets {a,/3} such that a G Z\+(gc,tc), ''"(a) = /3, a / ±/3 and 0(^/^4) = 
(mod 4) is 6. Furthermore a G Z\"^(£iC;tc) such that r(a) = a and a(iir4) = (mod 4) is only 
a2. Since dimt+ = 4, we get 

dim([) n 3^) = 4 + ((6 + 1) x 2) = 18. 

Therefore we get f) n ^ £>8 © C*!- 

Similarly as above we can compute dim([) n g^) and dimg"^ for the other types. 

Next we consider the case r|t = Id. First we suppose that g is of type es and a = 
Ad(exp(7r/2)V^i^s)- Then by (i), we have 

Furthermore a maximal abelian subalgebra t is decomposed into t = {Aj n t) © (^1 H t). Hence 
we can write 

T = TTi o TT2, \^Ti G ylr n i, \^T2 G n t. 

We define Vi G ^/^{A^ n t), z G A := {0, 2, 4, 5, 6, 7, 8} and vi G \/^(Ai n t) by ativj) = 5ij. 
Since (ttJa^)^ = Id^i^^ and (r^aUi)^ = Id^i^, it follows from Lemma [2^2] and Remark 2.1 that 
there exist /ii G Int(A7) and /U2 G Int(^i) such that 

(7.2) /ii(ri) = <^ /i2(T2) = < 

I Vi mod 2i7^7 G Aj, I mod 211 Ai, 
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where IJ^^ denotes the fundamental root system of Type Ai. Therefore considering Lemma 
we may assume 



(7.3) Ti 



2moVo + 2m2V2 + 2m3V3 -\ \-2m8Vs, j 2miVi, 

Vi + 2moVo + 2m2V2 + 2m3V3 -\ \-2msVs, vi + 2mivi, 



where i = 2, 4, 5, 6 and mo, mi,m2,m/i, . . . , mg G Z. Consequently r is conjugate within Int(f)) 
to one of the following automorphisms: 



(7.4) 



Ad(exp TT^/^{2moVo + 2mif i + 2m2V2 + 27714^4 + • • • + 2msVs)), 
Ad(exp ^T^/—l{vi + 2mofo + 2miVi + 2m2V2 + 2m4f4 + • • • + 2msVs)), 
Ad(exp TT\/—l{vi + Vj + 277101^0 + 2r7iif 1 + 2m2V2 + 2m4t;4 + • • • + 2m8V8)), 



where i = 1, 2, 4, 5, 6, j = 2, 4, 5, 6 and mo, mi, m2, m4, . . . , mg € Z. 

Now we compute Vj. Put fi = Yl^=i o-i^i, Ui £ M. Since Ai n t = M-v/^i^Qj and 

Aint={V^H G t ; Qj(F) = 0, j = 0,2,4,5,6,7,8}, 



we have ai = 1, 02 = 04 = • • • = ag = and ai + 2a3 = 0. Hence we obtain vi = Ki — (l/2)i^3. 

Moreover, since Aj CM = {\/—lH G t ; ai{H) = 0}, we can put Vi = Ylk=2^k^k, b\ ^ 
M, i G A. Then computing simultaneus equations ai{vj) = 5ij, i,j £ A, we obtain 

113 3 

VO = -7-^3, Vi= Ki- -K3, V2 = K2 - -i^3, V4, = Ki - -K^, 

(7.5) 4 ^ 4 3 \ 

V5 = K5- -Ks, vq = Kq- Ks, v-j = K-r - -K3, vs = Ks - -K3. 

Thus (j7.4p implies that r is conjugate within Int({)) to one of the following: 
(7.6) 

where m = — ((l/2)mo+mi + (3/2)m2 + 3m4 + (5/2)m5 + (3/2)m7+mg). From (|7.5|) if i, j = 2, 5, 
then 7^ Id. Therefore i = 1, 4, 6 and j = 4, 6. Hence r is conjugate within Int((]) to some 
where h is one of the following: 

Ki, K^ + Kj, Ki+Kk, Ki + K^ + Kk, 

where i = 1,3,4,6, j = 1,4,6 and /c = 4,6. li h = Ki, then g^^'i ^ Dg (cf. Theorem 5.15 of 
Chapter X of [6]). Furthermore 

(3n0^^i=te (MAc,+M5a) C [)(=su(8)e5u(2)). 

aeZ\+(0c,ic) 
a(-ftr3)=0 mod 4 
o(ii:i)=0 mod 2 

In this case, tki\a7 = Id and yl^^^^ = M, and hence 

n t ^ ^7 e M. 

Similarly as above, we can get (g"^, f) n g"^) for each r = r/^. 

Now we consider the reflection t^-^ G Int(sUa^(2)) C Int(f)). It is easy to check that t^i maps 
Ki ^ -Ki + Ks, Ki+K^^ -Ki + K3 + Ki, Ki + Kq ^ -Ki + K^ + Kq and K3 ^ K3. 
Therefore we have tk^ ~ tKi+k^, TK1+K4. ~ TK1+K3+K4, and tk^+k^ ~ tKi+k^+Ks, where we 
write th ~ th' if t// is conjugate to th' within Aut(,(g). 
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Next, we consider the case where g is of type eg and a = Ad(exp(7r/2)V— l-^^e)- Then by 
(|4.2p (ii), we have = A3 (B D5. By a computation similar to the above case, we obtain 

113 

vo = --;Ke, vi = Ki - -Kq, v2 = K2 - -Kq, = K3 - Kq, 

(7.7) 4 2 4 

3 5 3 1 

V4 = K4- -Kq, V5 = K5- -K3, V7 = K7 - -Kq, Vg = Kg - -Kq. 

Then, considering Lemma 12.31 r is conjugate within Int(f)) to one of the following automor- 
phisms: 

(7.8) TmKai Tva+mKa: Tvi,+Vc+mKQ-i 

where a = 1,2,3,7,8, 6 = 1,2,3, c = 7,8, and m is equal to that of the above case. Since 
= Id, it follows from (I7.7p that r is conjugate within Int(f)) to some Th where h is one of the 
following: 

Ku Kj+Kq, K2 + Kr, Kk + Kg, Kk + K^ + Kg, K^ + Kq + K^, 

where i = 1,3,6,8, j = 1,3,8 and A; = 1,3. By a computation similar to the above case, we 
obtain and f) n . We put 



(7.9) 



'1245642)' (0001221 



1 

1 2 1 



It is easy to check that 

i/3i o tas {Kq) = -3i^6 + 4^7, t(32 ° (.^q) = Kq, tp.^ o t^.^ {Kq) = Kq, 

and so tp-^ o t^^, tp^ o tp^ o ta^ G Aut(j(g). Moreover we have 

i/3i o tas (Ks) = -Kq + 2K7 - Kg, tp^ o t^^ (Ki) = -Ki + Kq, 

tp^ o {Ki + Kg) = -Ki + KQ + Kg, tp, o tas (Ks) = 2Ki - K3 + Kq, 

o {K3 + Kg) = 2Ki -Ks + KQ + Kg. 

Therefore we have 



For the case where = ey and a = Ad(exp(7r/2)V— 1^'^4), we can check that r is conjugate 
within Int(f)) to some where h is one of the following: 

Ki, Kj + Kk, Ks+Kt, Ki+Kra + Kn, 

KP + K3 + K7, K1 + K2 + K4 + KQ, K2 + K3 + K4 + K7, 

where i = 1, 2, 4, 6, j, k = 1, 2, 4, 6 {j < k), I, m,n = 1,2, A, 6 {I < m < n) and p = 2,4. Using 
the reflection G Int(f)) we have 

TK2+Ki ^ TK2, TK1+K2+K4 ~ TK1+K21 TK2+KA+K& ~ TK2+K&-, 
rKi+K2+Ki+Ke ~ rKj^+K2+Ka, TRi+Ks+Ki+Kr ~ TXa+isTs+Xr, 
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and since ta^+ag+ar ° taa G Int([)), we have 

Furthermore put 71 := qi + 2q2 + 2a^ + 4q;4 + 805 + 2aQ + a-j. Then t^-^ o G Int(Pi) gives the 
following conjugations: 

Finally we consider an involution ip G Aut(,(g) (see (jS.lip ). Then it is easy to see that 

^{Ki) = Ke- 2Kj, ip{K2) = K2 - 2Kj, ^{K^) = - 3K7, ^{K^) = + 4i^7, 
ip{K^) = Ks- 3K7, ^{Kq) = Ki- 2K7, ^{Kj) = -Kr, 

and therefore (f gives the following conjugations: 

For the case where = f4 and a = Ad(exp(7r/2)-v/— l-fCs), we can check that r is conjugate 
within Int(f)) to some where h is one of the following: 

Here i = 1, 3, 4 and j, A; = 1, 3, 4 (j < k). Using the reflection ta^ G Int(f)) and ^0,^+0,2+203+04 we 
have 

Consequently we obtain the following proposition. 

Proposition 7.1. Suppose that dim^ = 0. Let r be an involution of q such that r o a = a o t. 
Then r is conjugate within Aut(j(0) to one of automorphisms listed in Table 3. 



Table 3: dimj = 0, To<j^ijoT,a = T(^i/2)h ^nd t — g"^. 
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(e7,so(6) ( 


Bso(6)©su(2),ii:4) 


Ki 
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Ki 
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8. The case where dim 3 = 1,t o a = a o r 

Let {G/H, (, ), o") be a compact Riemannian 4-symmetric space such that G is simple and a = 
Ad(exp(7r/2)\/— li^Tj) for some G n{Qc,ic) with m, = 3. By Remark 2.2, we have dimj = 1. 
We shah classify the equivalence classes of involutions r such that t o a = a o t. According to 
Section 3 and Jimenez 0, 4-symmetric pairs (g, f)) satisfying the condition dim 3 = 1 are given 
by 

(e6,su(3) esu(3) e6u(2) eM), (e7,su(5) esu(3) eM), 
(8.1) (e7,5u(6)esu(2)eM),(e8,su(8)eM), (e8,5u(2) e ee © M), 

(f4,su(3) ©su(2) ©M), (52,5u(2)©R). 

Suppose that g is of type eg. From Section 3, the Dynkin diagram of f) is one of the following: 




ao ctg ar ae 03 ai ao as ar ae a^ a^ as ai 



The case (i) : In this case, a = Ad(exp(7r/2)V— l-f^2)- From Lemma [3?2| the possibilities of 



25 



positive roots whose coefficients of 02 are 3 are as follows: 



(8.2) 



3 W ^ W ' 

1 23453 ly' 234532/' 234542 

3 w ^ W ^ 

1234642y' 1^1235642/' 11245642 
1345642/' \ 2345642 



Since T(77(f))) = 77(f)) and 5 + aj ^ /^(sck:) (j + 2), we have t(5) + ^ /^(flck:) + 2). 
Thus it follows from (j8.2p that t{S) = 5. If r satisfies 

r(ai) = a8, r(a3) = ar, r(Q4) = ae, r(Q5) = 0(5, 

we get 

2 3 4 5 6 4 2 ) = ^('^^ = 3^("2) + ( 2 4 6 5 4 3 2 
Hence we have 

^^^"2)=(o -1 -2 2 1 

which is a contradiction. Therefore r satisfies r|t = Idt. Hence from Proposition 5.3 of Chapter 
IX of [6j, r has a form th for a suitable element H £ From (18. ip . we have 

(8.3) 1) ^ e = su(8) e M and t = (^7 n t) M\/^i^2, 

and we can write 

T = TH = TT+kK2 =TTO TkKi > V^T € ^7 H t, k £ R. 

Note that tt = t\a7 : Ay ^ Aj and (r^)^ = Id on A^. 

We define G ^/^{A7ni), i e A := {1,3,4,5,6,7,8} by ai{vj) = 6ij. From Lemma [131 
we may suppose that r is conjugate within Int(f)) to one of the following automorphisms: 



Ad(exp7r\/^(2miui + 2/713^3 + • • • + 2msvs + kK2)), 
Ad(exp7rA/^(t'i + 2mivi + 2m3ti3 H h 2msvs + kK2)), 



(8.4) 

where i = 1, 3, 4, 5 and mi, 772,3, "i4) • • • > 'tt-s ^ ^- Put = SiLi hHai- Then we have 

8 

5j2 = aj(^2) = y^^bjajiHg^), for j = 1,2, ... ,8, 



i=l 

and therefore 

6i-| = 0, 62-|a2(i7.,) = l, -| + ^3-| = 0, -|-| + 64-| = 0, 

-^ + ^-^ = 0, -^ + ^6-^ = 0, -^ + ^7-^ = 0, -^ + ^8 = 0. 
2 2 2 2 2 2 2 2 

Indeed if j = 1, considering the ai series containing Oi, we have ai{Ha^) = for i 7^ 1,3 and 
2a^{Hci-^) / ai{Hai) = — 1. Thus we get 

8 

= 01(7^2) = ^6iai(i7aJ = 6iai(i?aJ + b2,ai{Ha.^) 
1=1 

1 ^3 

= biai{Hai) +b3{--ai{Ha^)) = (61 - —)ai{Hai). 
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We can obtain the other equations by a similar computation as above. 
Computing these simultaneous equations we have 

(8.5) K2 = ji5H^, + 8H^, + lOH^, + 15i/«, + 12H^, + 9H^, + 6H^, + 3Ho,,). 

Now put vi = aiKi + • • • + agKg, ai, . . . , G K- Then we get 03 = • • • = ag = and ai = 1, 
since ai{vi) = Sn for i G A. Thus we have vi = Ki + 02/^2. Since V1J-K2, it follows from (18. Sp 
that = (5/3)c8 + (8/3)a2C8 and therefore 02 = —5/8. Hence we have vi = Ki — {5/8)K2. By 
a similar computation, we obtain 

5 5 15 3 

Vi= Ki- -K2, Vs = --K2 + i^3, Vi = S"^2 + i^4, ""5 = -7:^2 + -fi^S, 

(8.6) 98 43 83 2 

Therefore by (j8.4p and (|8.6p it follows that r is conjugate within Int([)) to one of the following: 

(8.7) TmK2^ Ty^+rnK2i 

where m = — (l/4)(5mi + lOma + 15m4 + 12m5 + Omg + 6m7 + 3m8 — 2k). Moreover, since 
= Id, it ifollows from (18. 6p that r is conjugate within Int(f)) to some Th where h is one of the 
following: 

Ki, Kj + K2, i = 1,2, 3, 4, 5, j = 1,3,4,5. 
By a computation similar to Section 7 we can obtain (0^'% f) H g"^'') for each h. 

Remark 8.1. From Lemma [2.3| we can see that T„g|yi^ is conjugate within Int(A7)(c Int(f))) 
to t^Jat- Therefore by the above argument, is conjugate within Int(f)) to tk^ or tki+K2- 
However, g'^^s ^ q^'^i , and hence ri<-g r/^^+i^j- 

T/ie case (ii): In this case, a = Ad(exp(7r/2)V— 1^7) and 

(] ^ e © M^/^iiTr ^ 5u(2) ee © M, 

t = (Ai n t) e (£^6 n t) e M^/^iCr. 

By a computation similar to the case (i), we have T|t = Idt. Hence we can write 

where ^/^Ti G vli n t, \f^T2 G £5 n t. A; G R. We define G \/^(^i n t) and Va G 
V— 1(^6 n t), a G A := {1, 2, 3, 4, 5, 6} by ai{vj) = 5ij. Then from Lemma [23} we may assume 
T is conjugate within Int([)) to one of following automorphisms: 

Ad(exp 7r\/^(2mit;i + • • • + 2mQVQ + 2msVs + kK-j)), 
Ad(exp 'K^/^{va + 2'miVi + • • • + 2mQVQ + 2m^v^ + kKj)), 
Ad(exp 7r\/— l(t>8 + V}, + 2'miVi + • • • + 2m^VQ + 2msvs + kKj)), 

where a = 1, 2, 8, 6 = 1,2 and mi, . . . , mg, TO8 G Z. Furthermore we obtain 

2 4 

vi = Ki - -Kt, v2 = K2- Kj, V3 = K3- -Kt, V4 = K4,- 2K-J, 

5 4 1 

V5 = Kq- -K7, Vq = Kq- -Kj, V8 = Ks- -K7. 
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Similarly as in the case (i), we can see that r is conjugate within Int(f)) to some r/j where h is 
one of the following: 

Ki, Kj + K7, Kk + Ks, Kk + KT + Ks, 

where i = 1,2,7,8, j = 1,2,8 and k = 1,2. It is easy to check that the reflection tas € Int(()) 
maps K7+K8 ^ 2K7-K8, Ki+Kt+Ks ^ Ki+2K7~Ks, K2+K7+KS ^ K2+2K7-KS and 
K-j. Therfore we have tk-,+Ks. ~ tks^ tki+Kj+Ks ~ '''Ki+Ks and TK2+Kr+K8 ~ tk2+Ks- 

In the case where 9 = 67, the Dynkin diagram of f) is one of the following: 



(i) o — o — o — o — 9 — o — 9 (ii) o — o — 9 — o — o — o — ® 

a-! ae 0:5 0:4 03 ai ao ay ae 0:5 04 03 ai ao 



The case (i): In this case, a = Ad(exp(7r/2)v^-f^3) and i) = Ai ® A5 ® R-s/^K^. By an 
argument similar to the above, we can see that r is conjugate within Int([}) to some Th where h 
is one of the following: 

Ki, Kj + K^, Kk + Ki, Kk + Ki+ K^, 
where i = 1, 2, 3, 4, 5, j = 1, 2, 4, 5 and A; = 2, 4, 5. Using the reflection i^i G Int(f)) we obtain 

Furthermore, similarly as in Remark 8.1 we get TK2+K3 ~ tKy- 

The case (ii): In this case, a = Ad(exp(7r/2)y^i^5) and t) = A2® A^QRy/^K^. Moreover, 
T is conjugate within Int(f)) to some where h is one of the following: 

Ki, Kj + K5, Kk + Ke, Kk + K5 + Kq, 

where i = 1,3,5,6, j = 1,3,6 and A; = 1,3. Similarly as in Remark 8.1 we get tk^+Kb ~ '''Kr, 
TK1+K5+K6 ~ TK1+K7 and TK3+K5+K6 ~ TK3+KT 

If = fi, then a = Ad(exp(7r/2)\/^K2) and [) = Ai ® A2 ® R-y/^K2. In this case, r is 
conjugate within Int(f)) to some where h is one of the following: 

Ki, Kj+Kk, K1 + K2 + KS, 

where z = 1, 2, 3 and j, k = 1,2,3 {j / k). Using the reflection tai € Int(^) we have TK1+K2 ^ tKi 
and TK1+K2+K3 ~ "^ATi+Xs- 

If fl = 02, then a = Ad(exp(7r/2)-v/^iCi) and i) = Al®R^/^Kl. In this case, r is conjugate 
within Int(()) to some t/j where h is one of 

Ki, K1 + K2, i = l,2. 

Using the reflection ^ Int([)) wc have ^ tk2- 

If g = ee, then a = Ad(exp(7r/2)i/^iC4) and f) = Ai©A2©^2©K-v/^Er4. By an argument 
similar to the case where g = es, we obtain r|t = Idj or 

T(ai) = ae, r(a3) = a^, T(a4) = 04, T(a2) = 02. 

If r|t = Idt, then r is conjugate within Int(f)) to some Th where h is one of the following: 

Ki, Kj + Kk, Ki + Km + Kn, K1+K2+K4 + K5, 
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where i = 1,2,4,5, j,k = 1,2,4,5 (j < k) and l,m,n = 1,2,4,5 {I < m < n). Using the 
reflection G Int(f)) we have 

TK2+K4. ~ TK1+K2+K4. ~ 'rKi+K2', TK2+K4+K5 ~ TK2+K5, TK:^+K2+K4+Ki, ~ Tk^+K2+K5- 

Next suppose that = Ce and r satisfies 

T(ai) = ae, r(Q;3) = a^, r(a4) = 04, r(a2) = a2- 
Let t± be the (±l)-eigenspaces of T|t, respectively. Then we have 

t+ = span{iCi + Ke, K2, K3 + K5, K4}, t- = span{Xi - Kq, K3 - K^} 
It is known that there exists an involutive automorphism of outer type satisfying 

(8.9) ^{Ea,) = Eae, V'C^aj) = Ea2, ^{Eas) = Ea„ ^{E^^) = Ea^- 

Therefore there exists ^/^h^ G t+ such that r^^ = Id and r V ° '''h+ ■ Then by an argument 
similar to that in Section 7, we can see that r is conjugate within Autf,(0) to one of the following 
involutions: 

Since sua2(2) C and t^jl-^s) = —K2 + K4, we obtain V' ° = ° V' and 

-0 O ='0 Tt^^ =tpota2 TK2 O ia2 = *a2 (V' « '^i<r2)*a2 " 

Thus we obtain il^ o tk2 ~ o T/i:2+ii'4- Furthermore by an argument similar to that in Section 
7, we can compute dim(() n g'^'') and dimg'^'' for each h. Consequently we have the following 
proposition. 

Proposition 8.1. Suppose that dimj = 1 and a = Ad(exp(7r/2)-v/^irj) for some ai G 
-^(SCjtc) with rrii = 3. Let t be an involution of q such that t o a = a o t. Then r is 
conjugate within Aut(,(g) to one of automorphisms listed in Table 4- 



Table 4: dimj = 1, Toa = aoT, a = T(^i/2)h and t = 
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9. Remarks on conjugations 

9.1. dim3 = 1, too = a or 

The case where = Cg and a = T(^i/2)K4 ■ We shall show that TK2+K5 ~ tKi+K2tTKi+K4 ~ tks 
and TK4+K5 ~ Tii-j- We consider ^p G Aut(,(0) (see (j8.9p ). For /^i := to-g+ag o o £ Aut(3), 
we have 

/Wi(ai) = -05, /^i(«2) = -a2, ^J'l{a3) = -"6, 

/Ui(a4) = 02 + a4 + "5 + "6, /ii(a5) = "3, /^ilae) = "i. 

Hence we get fii^{K^) = K4 and ^^^{K2 + K^) = Ki — K2 + 2K4. Thus fi^^ is in Aut(,(g) and 
gives a conjugation between Ti^-j+^'s and tki+K2- 

Similarly as above, by using ^2 := ta-^ ° ^ai+03 ° V') •= ^01 ° ta^ o ip £ Autf|(g), we obtain 
TK1+K4 ~ ''"-R's a'^cl TK4+K5 ~ T-^i- 

T/ie case where = eg anrf o" = T(^i/2)K2- From Proposition I8.H we see that g^^s = g'^Jf2+^f3 
and n ^ n g'^^a+J^s . Now, we shall show that tk^ is not conjugate within Aut(,(g) to 
TK2+K3- Put 61 := g^^3 and 62 := g^^a+^a^ then we have !i ^ ^2 = ^1 © -E'7 and n = 62 n f). 
We denote a G Z\(gc, tc) by q = njOj and put 

A^, := {a G Z\+(gc,tc) ; 0(^3) = 0,2,4}, 
A^, := {a G Z\+(gc,tc) ; 0(^3) = 0,2,4,6}. 

Then 

ii = t® ^ (M^„ + MB«), i = l,2. 

Put 7 := 2ai + 2a2 + 4a3 + 5a4 + Aa^ + Sag + 2a7 + as- Then for any a G zA^^ and a' G Zijj' 
we can see that ai ± a Z\(gc, tc) and 7 it a' Z\(gc, tc) (cf. [3]). Therefore, we get 

(9.1) 61 =su„,(2) ©su„i(2)^, 62 =su^(2) ©5u^(2)^, 

where suai{2)-^ = su/3(2)-'- = cj. For any G Aut(g) satisfying = h, it follows from (19. ip 
that z^(sUqj(2)) = 5U/3(2). Hence there is no automorphism in Aut(j(g) such that it maps 61 to 
?2 because suai{2) C i) and su/3(2) ^ [). 

Next we shall show that tk^ is conjugate within Aut(,(g) to tk2+K5- Set 

7i := Qg, 72 := — ai — Q2 — 203 — 804 — 805 — Sag ~ 207 — og, 
73 := 0.7, 74 := "8, 75 := "5, 76 := "4, 77 := "3, 78 := "i- 

It is easy to see that U' := {71, . . . ,7g} is a fundamental root system of eg (cf.[3]). Therefore 
there exists a unique in W{q, f)) such that z^(il) = il'. Hence we have ^{ai) = 7^ (i = 1, . . . , 8). 
Then it is easy to see that u-'^{K2) = -K2 and u~'^{K^) = -3K2 + K5. Hence i^'^ G Autf,(g) 
and « TK2+K5- 

The case where g = ey and a = T(i/2)_ft:3- From Proposition 18.11 we can see that g"^^* ^ 
gTX3+K4 g^j^jj f) p gT-^f^ = [) n g'^^3+if4. However tk^ is not conjugate within Aut[,(g) to rx^+Ki- 
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Indeed, note that 0'^^'4 = g^^3+-ff4 ^ AiQDq, where Ai C g^^* and Ai C 3^^3+^4 coincide with 
sUq,2(2)(c Pi) and sup{2){(^ f)), respectively. Here /? = ai + 2a2 + 2a3 + 4a4 + 805 + 2aQ + ay. 
Therefore, there is no automorphism in Autf,(g) which maps g^^'-'* to since 2^(511^2(2)) = 

SU/3(2) for any G Aut(0) satisfying J^(5^*^4) = q^k^^+k^^ 

9.2. dim3 = 0, r o a = cr^^ o r 

T/ie case where = eg and u = T(^i/2)K(i- For the reflection ta^ G Int([)), it follows from 
Proposition O that t"! o rf o (^^3 ) = -rf (^^3 ) and i'^ o rf o (^„^ ) = rf (^„, ) (i 7^ 3) . 
Hence we get 



(9.2) O O t^^ = O TK„ 



and therefore o rx3 pa o o" ~ o Ti^3 o o". By an argument similar to the case 9 = 67, 

for the reflection G Int(suQ3(2)) C Int(f)), it follows that 

T2 ° tas {Eai) = -tag ° {Ea, ) , o tag (^"j ) = ^03 ° '^2 i^aj ) , 

where i = 1, 4 and j 7^ 1,4. Therefore 

(9.3) i^3^ O ta-i =T2 o 

which implies o TK1+K4 ~ ~ ''"2^ o o" sa o TK1+K4 ° cr. 
Next, we shall prove 

o '^A"i+i^8 OCT ^ T2 o TKi+Ks oa ^ T2 o TKg+Ki+Ka o cr « rf^ o TKi+Kg+Kg- 
It is easy to see that to,, (-f^4 + Kg) = K4 + i^g (i = 1,3), and it follows from (19. 2|) and (j9.3p that 

"^2^ ° ^Ki+Ks = T2 o ° T-i^4+ii'8 = *a3^ 0^2 ° tag ° TRa+Ks 



a-j, 

tal °^2 ° TKi+K8 ° tag, 



T2 ° TK'i+Ki+Ks = tal °^2 ° ° ^Ka+Ks = ^a] ° ^2 ° '^K^+Ks ° *ai • 

For G Int(f)), we get 

^2 O tai (Eaa ) = -iai°T2 {Ea^ ) , O ta^ {Eai ) = ^ai ° T2 {Ea^ ) , 

where i = 1, 4, 6, 7, 8. Moreover, we obtain 

T2^ otaiiEa^) = b2T2 {Ea^+cn) = ^2^-£'04+a5, 

tciA ° '^2 {Ea2) = io4(-E'Q.g) = b^Ea^j^a^, 

T2 ota^iEa^) = fesT^ (E'^^+^g ) = b^k ^ Ea^+aA, 

taA ° '^2 {Ea-^) = ton{Ea2) = b2-E'a2+04) 

for some b2, b^, k £ C with I62I = I65I = \k\ = 1. Put a := 62^/^5- Then we have 

T2 o ta^iEa^) = ataA o T2 {Eo,^), o ta^iEarJ = a'^ta^ o T^iEar,). 

Hence we have o o t^^ = o tk^ o Tg(^p^^_j^^-^, where a = e^'^^^. Note that s G Z 
since {t~^ o o ta^)'^ = Id, and thus we may assume s = or 1. If s = 0, then we have 
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^al ° A ° ° TKi+Ks = tal ° ^2 ° ^Ki+Ka o = ^2 ° '^Ki+K^+Ks , which contradicts Proposition 
ETH Thus f^^l 0T2 o =T2 o TK3 o TK2-K5 and 

tal ° TKi+Ks o = t~l o o o Tk^+Ks = ^2 ° TK3+K2-K5+K1+KS 

= T2 o TK1+K3+KS °TK7° TK2-K5+K7 

It is easy to see that \^—lh := y/—l{—{l/2)KQ + Kj + K2 — + K-j) is a (— l)-eigenvector of 
T^. Therefore t~l o o tr^+Ks ° = •^-(i/2)h ° '^2^ ° tk^+k^+Ks, ° cr o T(xl2)h-, which imphes 
T2 o r/^i+Kg ~ ''"2^ ° ''"A'i+i4'3+A"8 ° CT- Moreover since 

T2 o TKi+Ks oa K,T2 o TK1+K3+KS o = o""^ o o TK^+^3+/fg o a, 

we have o tki+Ks o cr ^ o tki+Ks+Ks- We have thus proved (|9.4p . 

Finally, by using t^g G Int(f)), we shall show that T2^ o rj^-^+z^-g+i^^ « o ri^j+^^g+z^^ o cr. It 
is easy to see that o tag{Ea^) = tag ° T^{Eai), i = 1, . . . , 6, and 

T2 ° tasiEa-r) = bjT2 {Eaj+as) = ^T^-E'ao+as ' 
tag O ^2 (Ear) = tag{Eao) = fto-^'ao+os' 

for some 60, bj, k £ C with |6o| = l^yl = \k\ = 1. By an argument similar to the above, we 
obtain f^^ o rj^ o tag, = T2 or rf^ o tk-j- If i^g^ o T2 o tag = r2^, then since tag{Ki) = Ki, 
tag{Ks) = Kj — Kg, it follows that 

T2 o TKi o TKg = o T2 o tag o TK^+Kg = tag o o TK^+Kj+Kg ° tag 

= tag ° r2 o TK^+Kg oao Tk^^(1/2)K6 ° tag. 

Therefore orxi+Kg ~ o^K^^+Kg ocr since \/—1{Ky — (1/2) Kg) is a ( — l)-eigenvector of . 
This contradicts Proposition 15.11 and hence t~^ o o tag = o tk^- Thus 

*Q8 ° ^2 ° TK1+K3+K4, ° tag = tag o T2 O tag o TK1+K3+K4, = ^2 ° TK1+K3+K4, ° TK7 

= 7-^0 TK1+K3+K4 o cr o r/^7_(i/2)/<g ^ T2 o TK1+K3+K4 ° 

which implies o TXi+i^3+X4 ~ T2 ° TK1+K3+K4 o cr. 

The case where Q = and a = T(^i/2)Ki- We consider o tk-^+K2j ''"3^ ° TK2+Kej '^3^ ° 
TK1+K2 ° ^ and o tk2^K(, ° cr (see Proposition 15. ip . Let ip be the automorphism of g given by 
(I5TTT) . It follows from (^M) and (ISTTT) that (^sorg^ = rf 099. Since ip{Ki + K2) = K2 + Ke-AK7 
and (p{K4^) = K/j^ — 4:Kj, we have ip o a = a o {p and 

and therefore 

99 o o tkt^+k2 ° 0- ° V'"^ = (/:) o rf^ o Ti^j+i^j o p~'^ o a = o tk2+K(, ° cr. 

Thus we obtain o tki+K2 ^ '^s^ ° TK2+Ke and rj^ o ri^-^+i^-j o a ^ T-f o r/^j+Xe ° ^■ 

Next considering reflection G Int(5UQ,^ (2)) C Int(f)), we get ta^iEa^) = Ea^ for i = 
2,4,5,6,7 because ai ± ai are not roots. Put jS := ai + 02 + 203 + 804 + 205 + ag- Then 
T^ia^) = f3 and /3 ± ai ^ A{g£,ic). Hence we have ta^{Ep) = Ej^. Since 

f Tg^ o ta^{Ea^) = biT^(E_ai) = -ftl^^-aj, ( O ta^{Ea3) = h^T^ {Ea^+a3) = bskEao+ai, 

\ tai o T^{Ea-^) = —tai{Ea^)) = —biE^ai, \ ta^ O (Eag) = tai(-E'oo)) = ^O-E'ao+ai ) 
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for some bQ,bi,b3,k £ C with |6o| = \bi\ = l&sl = \k\ = 1, there exists s G M such that 
o o tai = o '''sK-i- Moreover, since {t~^ o t-^ o ta^)'^ = Id and {K'i) = —?>K^ + 2K\, 
we get s G Z, and thus o o ta-^ = or o tk^. If t^^ o o ta^ = , then 

° ^K^+K(, = t'l o o o = tal ° ^3^ ° ^ (K^+K^,) ° ^ai 

Put // := '7"(i/2)(X3-(i/2)X4)- Then since K3 — {\/2)Ki is a (— l)-eigenvector of ^ it is easy to 
see that 

Because fi o ta^ G Int(f)), it follows that r-f o tk^+k^ ~ ° tk^+Kq ° c, which contradics 
Proposition I5.1[ Hence o o t^,^ = o r/^g, and 

= A*""^ ° o 'TK2+K(. o cr o /i, 

since tai(K2 + Kq) = K2 + Kq and r3^(i^3 - (l/2)i^4) = -(i^3 - (l/2)/i:4). Consequently we 
obtain ^ o tk^ and o TK2+Ke ^ o TK2+Ke ° cr- 

10. Classifications 

From Propositions I5.l l 16. H [7?T] and 18. II together with the results in Section 9, we obtain the 
following theorem which gives the complete classification of involutions preserving f). 

Theorem 10.1. Let {G/H,{,),a) be a Riemannian 4:- symmetric space such that G is compact 
and simple. Suppose that a = Ad(exp(7r/2)\/— 1-f^i) for some ai G -/T(gc,tc) with rrii = 3 or 4. 
Then the following Tables 5, 6, 7 and 8 give the complete lists of the equivalence classes within 
Aut(,(0) of involutions r satisfying r([)) = t). 



Table 5: dim} = 0, t o a = a ^ o t, a = T(^i/2)h f^nd t = . 





r 


i 




(e8,5u(8)®su(2),if3) 


t" ° TKe + {l/2)K3 


so(16) 
er © su(2) 
so(16) 


so(8) ©so(2) 
sp(4) ©so(2) 
5p(4) ©so(2) 


(e8,5o(10)®so(6),X6) 


~2 

^2 ° TKi + Ks 
r" ° TK1 + K3+K4. 
T2 TK1 + K3+K8 


so(16) 

ej © su(2) 
ey © 5U(2) 
00(16) 


(5o(5)+so(5)) 

©(5o(3)+so(3)) 
(so(7) +so(3)) ©so(5) 
so(9)© (so(3) +so(3)) 
(5o(7)+so(3))©so(5) 


(e7,so(6) © so(6) © su(2), X4) 


^3 

r" OTK, + K2 


su(8) 

so(12) ©su(2) 

eg ©M 
su(8) 


(5o(3)+so(3)) 

©(so(3) +5o(3)) ©5o(2) 
so(5) 

©(so(3) +so(3)) ©su{2) 
so(5) ©so(5) ©su(2) 
so(5) ©so(5) ©su(2) 
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o 


W 

T 


so(12) 


© su(2) 


so(6) ffiso(2) 




^3 


°'P°Ti^l/2)Ki 


su(8) 




so(6)ffiso(2) 


(f4,S0(6)©50(3),/<r3) 






sp(3) S 


) su(2) 


(so(3) +so(3)) ®so(2) 








so(9) 




so(5) ©so(3) 




~4 


° TKi + K4 + {1/2)K3 


sp(3) S 


) su(2) 


so(5) ffiso(3) 



Ti : Ea^ ^ —Eai, '-^ Eao, E^^ i—f CiEjj^, Ea^ ^ Ea^, Ea^ Eaj, Eag —Ea^, 



{Pi = ai+ 2a2 + 3q3 + 4a4 + Sa^ + 2(x% + ai) 

T2 '■ Eai 1—^ —Eai, Ea^ Ea^, Ea^ l—^ — -E'ag, -£^04 —Ecu, -^cce ^ C^Ep^, Eaj I— > Ea^, 

Eag 1-^ -Eas , {p2 = a\+a2 + 2az + 3a4 + 3a5 + 3a6 + 2aj + ag) 

'■ Eai 1-^ —Eai, Ea2 ^ —Ear,, Ea;, Eag, E^^ l-> C^Ejj^, E^^ l-> E^^ , E^^ l-> —Eag, 

{03 = ai+a2 + 2^3 + 3a4 + 2a5 + ag) 
: Eai -Eai, E^^ ^ Ea^, Ea^ i-^- C4-E/34, -Ea4 '-^ -£^04) (/34 = tti + 2a2 + 3a3 + 04) 
where Ci{i = 1,2,3,4) is some complex number with |c,| = 1. 



Table 6: dimj = 1, t o a = a ^ o t, a = T(^i/2)h and t = . 





n 


Hi 


(0*,«) 


f)n« 


(e8,su(8)®M,ii'2) 


Es 


0:2 


(e8(8),so(16)) 


so(8) 


(e8,e6®su(2)®M,ii'7) 


Es 


ar 


(e8(8),so(16)) 


sp(4) 


Fi 


aj 


(e8(-24),e7®su(2)) 


U 


(e7,su(6)®su(2)®M,A:3) 


Ej 




(e7(7),su(8)) 


so(6)ffiso(2) 


Fi 


as 


(e7(5),so(12)®5u(2)) 


sp(3)®so(2) 


(e7,su(5)®su(3)®K,/i'5) 


E7 


as 


(e7(7),su(8)) 


so(5) ffiso(3) 


(e6,su(3) ® su(3) ® su(2) ® M, ii'4) 


Ee 


a4 


(e6(6),sp(4)) 


so(3) ffiso(3) ffiso(2) 


Fi 


a4 


(e6(2),su(6)ffisu(2)) 


su(3) © su(2) 


(f4,su(3)ffisu(2)ffiE,X2) 


Fa 




(f4(4).sp(3)©su(2)) 


so(3)©so(2) 


(g2.su(2)eM.A'i) 


(h 


ni 


(02(2). su(2) Ssu(2)) 


50(2) 



Table 7: dimj = 0, Toa = aoT,a = T(^i/2)h and t = . 





h {t = Th) 


t 






Ki 


so(16) 


su(8)®so(2) 




K3 


e7 ©su(2) 


6u(8) © 0u(2) 




K4 


e7 ©su(2) 


sp(4) ©su(2) 




Ke 


so(16) 


s(u(4)+u(4))©su(2) 




K3 + K4 


so(16) 


sp(4) ®su(2) 




K3 + Ke 


tr ® su(2) 


s(u(4) +u(4)) ©su(2) 




K1+K4 


e7 © su(2) 


s(u(6) +u(2)) ©so(2) 






so(16) 


s(u(6) +u(2)) ©so(2) 


(e8,so(10)©so(6),i^6) 


Ki 


so(16) 


(so(8) +so(2))©so(6) 




K3 


tr ® su(2) 


(50(6) +so(4))® 50(6) 






so(16) 


SO(10)®50(6) 
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Ki + Ks 
K2 + Kr 

Ka + K8 

K2 + Ke + Kr 


fj © su(2) 
er © su(2) 

so(16) 
so(16) 


soflO) © Csof4') + sof2l1 

(so(8) +so(2)) © (so(4) +so(2)) 

u(3) © u(5) 

(so(6) + so(4)) © (50(4) + so(2)) 
u(3) ffiu(5) 


(e7,so(6) © so(6) © su(2), Ki) 


K2 

K1+K2 

j^^a 1 ^ 7 

K2 + K3 + K7 
K3 + K4 + K-! 


so(12)©5u(2) 
su(8) 

so(12)®5u(2) 
ee ©M 

so(12)©5u(2) 

su(8) 
su(8) 

so(12)©5u(2) 

ee © M 


so(6) © (so(4) +so(2)) ©su(2) 

so(6) ©so(6) ©so(2) 

so(6)©so(6)©su(2) 

so(6) © (so(4) +so(2)) ©so(2) 

(50(4) +so(2)) 

©(so(4) +so(2)) ©5u(2) 
uf3l © uf3l © 5uf2l 
(5o(4)+so(2)) 

9(so(4) +so(2)) ©so(2) 
u(3) © u(3) ffiso(2) 
u(3) © u(3) © su(2) 


(f4,S0(6)©S0(3),if3) 


Ki 
K3 

Ki 


sp(3) ©su(2) 
so(9) 

so(9) 

sp(3) ©su(2) 


(so(4) +so(2))©so(3) 
so(6) ©so(3) 
so(6) ©00(2) 
so(6) ©so(2) 




T 


e 




(e7,so(6) © so(6) © su(2), K4) 


(pOTK2 


eg ©K 

su(8) 

su(8) 


so(16)©sp(l) 
so(16)©5o(2) 
so(16)©5p(l) 



: Ea^ I— > -Bag, I— > -Bcj j -Bag I— > Ea^, E^^ I— > -£'a4, E'ay I—* -Bag 



Tabic 8: dimj = 1. Toa = (70T.a = T(i/2)h fi-iifl ^ = 0^- 





h {t = Th) 


t 




{t8,su{8)®M.,K2) 


Ki 


so(16) 


s(u(7)+u(l))©M 




K2 


so(16) 


su(8) © M 




K3 


e7 ©su(2) 


s(u(6) +u(2)) ©R 




Ki 


t7 © su(2) 


s(u(5) +u(3)) ©R 






so(16) 


s(u(4) + u(4)) © M 




Ks 


er ©su(2) 


s(u(7) + u(l))©R 




K2 + K3 


07 ffisu(2) 


s(u(6) +u(2)) ©R 




K2 + Ki 


so(16) 


s(u(5) +u(3)) ©R 


(e8,e6©su(2)©M,/s:7) 


Kt 


so(16) 


(so(lO) +K) ©su(2) ©M 




K2 


so(16) 


(5u(6) + su(2)) © su(2) © R 




K7 


e7 ©su(2) 


Cf, © su(2) © M 




Ks 


67 ©su(2) 


ee ffiso(2) ©M 




Ki+Kr 


e7 ©su(2) 


(so(lO) +M) ©su(2) ©R 




Ki+Ks 


tr © su(2) 


(so(10) + M)©so(2)©M 




K2 + Kr 


tr © su(2) 


(5u(6) + su(2)) © 5u(2) © R 
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so(16) 



(su(6)+su(2))®50(2)^ 



(e7,su(6)©5u(2)©]R,i4:3) 



K2 
K3 
Ki 
K, 
Kr 

K1+K2 

K1+K4 
K1+K5 

+ 



so(12)( 

su(8) 

so(12)( 

so(12)( 

su(8) 

ce ©M 

so(12)( 

su(8) 

so(12)( 



) su(2) 

) 5U(2) 

) su(2) 



! su(2) 

)5U(2) 



su(6) ©so(2) ® M 
s(u(5) +u(l)) esu(2) el 
su(6) © su(2) © M 
s(u(4) +u( 
s(u(3) +u(3) 
s(u(5)+u(l) 
s(u(5) + u( 
s(u(4) + u( 
s(u(3) +u( 
s(u(4) +u( 
s(u(3)+u( 



^(1)) 
^(2)) 
i(3)) 

(2))© 
i(3)) 



) ©su(2 
) ©su(2 
) © su(2 
©so (2 
©so(2 
©so(2 
su(2 
©su(2 



(e7,5u(5)®su(3)®K,/r5) 



K3 

K1 + K5 

K3 + K5 
K3 + Kr 



so(12)( 
so(12)^ 
su(8) 
so(12) : 
ee ©M 
su(8) 



) su(2) 

) 5U(2) 

) su(2) 



(1)) 



(2) 
(2) 
(1)) 



so(12) ©su(2) 
ee ®M 

so(12) ffisu(2) 
su(8) 



s(u(4) + u 
s(u(3) + u 
su(5) © su(3 
su(5) ©s(u 
su(5) ©s(u 
s(u(4) + u 
s(u(4)+u(l 

©s(u(2) 
s(u(4)+u(l 

©s(u(2) 
s(u(3) + u 
s(u(3) + u 

©su(2) - 
s(u(3) + u(2 

©s(u(2) 



(2))© 



® su(3 
su(3 



u(l) 
u(l) 
® su(3 



(2)) 
(2)) 



u(l)) ®R 

■u(l)) ®M 
® su(3) ® ] 

u(l)) ®M 

I 

hu(l))®M 



(eg, su(3) ® 5u(3) ffi 5u(2) ® M, K4) 



K4 

K1+K5 

K2 + K4 

K1+K4 + K5 



so(10)©M 
su(6) © su(2) 
su(6) ® su(2) 

so(10)®M 

su(6) ® su(2) 
su(6) © su(2) 
su(6) © 5u(2) 

so(10)®M 



(1)) 



s(u(2) + u(l 

©su(3) ( 
su(3) ©su(3 
s(u(2)+u(l 
®su(3) ( 
s(u(2) + u 

©su(3) (J 
s(u(2)+u(l 
©s(u(2) + 1 
su(3) © su(3 
s(u(2) + u(l 
©s(u(2) + 1 
s(u(2) +u(l 
©s(u(2) + 1 



su(2) © M 
©su(2) ©M 



su(2) © ] 
so(2)®l 



(l))©su(2)^ 
©so(2)©]R 

) 

(1))©50(2)( 

) 

(l))©su(2)^ 



(f4,su(3)©su(2)©M,is:2) 



K2 

K4 

K2 + K4 



sp(3) ©su(2) 
sp(3) ®su(2) 

so(9) 

sp(3) ©su(2) 
sp(3) ©su(2) 



su(3) ©so(2 
su(3) ® su(2 

s(u(2)+u(l 
s(u(2) +u(l 
s(u(2)+u 



(1)) 



) ©su(2) ©: 

)©so(2)©] 

©su(2) ©: 
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(02,SU(2)( 








su(2) e su(2) 


su(2) 6 


BR 








K2 


su(2) e su(2) 


so(2) 6 


51R 




T 






(e6,5u(3) 6 


5 su(3) e su(2) e 


R,K4) 






su(3) a 


Dsu(2) ®sp(l) ©R 










sp(4) 


su(3) € 


Dsu(2) ®so(2) ® M 








tpOTKi 


sp(4) 


su(3) 6 


Dsu(2) ©sp(l) ©M 
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